Mathematica 11.3 Integration Test Results

Test results for the 348 problems in "4.1.10 (c+d x)"m (a+b sin)An.m"
Problem 28: Result more than twice size of optimal antiderivative.
j(c+dx)3Csc[a+bx]2dlx

Optimal (type 4, 113 leaves, 6 steps):
i(c+dx)® (c+dx)’Cot{a+bx] 3d(c+dx)’Log[1-e?! @bX]
- - +

b b b2
3id? (c+dx) Polylog[2, e?! (36X ]  3d3Polylog[3, e (20X ]
+
b3 2 b*

Result (type 4, 384 leaves):

1 i i - i i(as
_EdB e’?Csc[a] (2b>x* (2be?'?x+31i (-1+e?'?) Log[1-e?! (P )+
6b (—1+<e“a> XPolyLog[Z, et (a*bx)] +31 (—1+e2“> PolyLog[B, e?t (a*bx)]) +
(3c®dCscl[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /
(b* (Cos[a]®+sSin[a]?)) +§
Cscla] Cscla+bx] (c*Sin[bx] +3c®>dxSin[bx] +3cd?>x*Sin[bx] +d>x*Sin[bx]) -

[3 cd?Csc[a] Sec[a]

. 1 .
b? etAreTaniTanial) x2 . — (i bx (-7+2ArcTan[Tan[a]]) - nLog[1l+e?'°X] -

1+Tan[a]?

2 (bx+ArcTan[Tan[a]]) Log[1 - e?! (PxwArcTaniTan(all) | 4 s Log[Cos[bx]] +
2ArcTan([Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog[2, ! (bx-ArcTaniTan(all) ] )

Tan[a]

/(b3\/Sec[a]2 (Cos[a]®+sin[a]?) )

Problem 29: Result more than twice size of optimal antiderivative.

J(c+dx)2Csc[a+bx]2dlx

Optimal (type 4, 83 leaves, 5steps):
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i (c+dx)2 (c+dx)2Cot[a+bx] 2d (c+dx) Log[1-e?* @0 | id?PolyLog|2, el (a0
_ _ N _

b b b2 b3

Result (type 4, 245leaves):

(2cdcCscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /
(b2 (Cos[a}2+sin[a]2)) +§

Cscla] Cscla+bx] (c*Sin[bx] +2cdxSin[bx] +d*x*Sin[bx]) - |d®Csc[a] Sec[a]

) 1 .
b? etArcTaniTanial) x2 . — (i bx (-7+2ArcTan[Tan[a]]) - mLog[1+e >'°X| -

1+Tan[a]?
2 (bx+ArcTan[Tan[a]]) Log[1 - e>! (PxArcTaniTan(all) |y st Log[Cos [bx]] +
2ArcTan([Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog[2, ! (bxArcTaniTan(all) ] )

Tan[a] /(b3 \/Sec[a]2 (Cos[a]®+sin[a]?) )

Problem 34: Result more than twice size of optimal antiderivative.
j(c+dx)2Csc[a+bx]3d1x

Optimal (type 4, 180 leaves, 9steps):
(c+dx)*ArcTanh[e’ *®¥) ] g2 apcTanh[Cos[a+bx]] d (c+dx)Cscla+bx]

b b3 b2
(c+dx)®Cota+bx] Csc[a+bx] id (c+dx)Polylog[2, -e' (@bX]
2b ' b2 )
id(c+dx) PolyLog|2, el @***) | d?Polylog|3, -e! @*** | d?Polylog|3, e' (20X
b2 ) b3 ' b3

Result (type 4, 471 leaves):
d (c+dx) Cscla] . (-c?-2cdx-d?>x?) Csc[ 2 bz_x]z .

b? 8b

+

1 (b>c®Log[1-e' @] +2d* Log[1-e' @] +2b>cdxLog[l-e' ®®¥ ]+

2b3

b?d?*x? Log[1- e’ @®X ] - b2 c?Log[1l+e! @ ]| - 2d? Log[1+e! (@PX ] -

2b*cdxLlog[l+e! @®¥ ] _p2d>x?Log[1+e' @®¥ ]| +2ibd (c+dx) Polylog[2, e @X) ] -
2ibd (c+dx) Polylog|2, e’ @*X)] - 2d?PolyLog|3, -e' (®"®¥ | + 2d? Polylog[3, e' (¥ |} +

b 2 b . b s b
(c2+2cdx+d2x2) Sec[§+7"] +Sec[%] Sec[§+Tx} (—cdSm[Tx] —d2x51n[TX])

8b 2 b?

Csc[?} Csc[§+ bTX} (cdSin[bz—"] +d2xSin[b7X})

2 b?
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Problem 35: Result more than twice size of optimal antiderivative.

c+dx) Csc[a+bx]3dx
J( ) Csc ]

Optimal (type 4, 109 leaves, 6 steps):
(c+dx) ArcTanh[e! (¥ | gcscla+bx]
) b T
(c+dx) Cotla+bx] Cscla+bx] 1idPolylog[2, -e! (@®¥ | idPolylog[2, el 30X ]
2b i 2 b? ) 2b?

Result (type 4, 292 leaves):

_dszc[§+b7X}2_ cCsc[i (a+bx)]2 _cLog[CosE (a+bx)]] +cLog[Sin[§ (a+bx)]] )

8b 8b 2b 2b

——d (a+bx) (Log[1-e' @®¥ ]| _Log[1+e* @ |} —alog|[Tan|

5 b2 (a+bx)]]+

N |

deec[§+b—X]2
8
csecld a-bx))* dcsc[2] (2 2] sin[1] dsec3] sec[2

8b 4 b? 4 b2

+ 2x] sin[®x]

Problem 52: Result more than twice size of optimal antiderivative.
Jsin[a +bx]?
—— dx

(c+dx)9/2

Optimal (type 4, 247 leaves, 11 steps):

7/2 _ 2bc 2+/b \/crdx
16 b2 128 b \/FCos[Za p | Fresnelc| N ]

- - +

105 d3 (c+dx)3/2 105 d9/2

772 2B AR | gy lq g 20€
128 b7/2 /7 Fresnels| e | sin[2a y ] 8b Cos[a+bx] Sin(a+bx]
- +

105 d°/2 35d% (c+dx)*?

128 b3 Cos[a+bx] Sin[a+bx] 2Sin[a+bx]%? 32b2Sin[a+bx]?
+

105 d* +/c + d x 7d (c+dx)”?  105d® (c+dx)*?

Result (type 4, 988 leaves):
1

- +
7d <C+dx)7/2
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COS[Zb(mdx)} Cos[Zb(cd+dx)]

2
-— 2 +
4\/7(3)5/2 (cvdx)®? 3 \/7\/7”/7“”
d
Zﬁ\/CerX Sin[zb(mdx)]
V27 FresnelS| e 32d -
Vo 272 (57 (c+dx)??
1 2bc COS[M:&L]

—16+2 (E)m Cos | ] -
7d d d 8\/7(3)7/2 (c+dx)7/2

E Sin[zb(?dx)] +E COS[Zb“;;dX)] )
3

S avz (57 (crdx)®? 3242 (8)77 (crdx)??

2\/€\/c+dx Sin[zb(udx)}
2 |-+/27 FresnelC| |+ d +
\ N2 l% Nerdx
7/2
2Cos[a] Sin[a] —LIG\E (E) Cos[bfc} 7Sin[bfc]] Cos[b—c} +Sin[b—c]
7d d d d d d

Sin [ 2b (c+dx) ]

Cos [ 2b (c+dx) ]
d

COS[Zb (c+d x) }
d d

2 +

\E\/TW

2

+ — —

8ﬁ(§>7/2(c+dX)7/2 5 4\/7(5)5/2(c+dx)5/2

wN
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Zﬁ\/c+dx Sin[Zb(udx)]
V27 FresnelsS| 1+ d +
N 2\/7(3)3/2 (c+dx)3/2
7/2 Cos [ 2b(exdx)
ilsﬁ[g) Sin[Zbc i -
7d d 8\/7(5)7/2 (c+dx)7/2
% Sin[zb(cd+dx)] +E Cos[zb(:dx)] 7
5 3

4\/7(5)5/2 <c+dx)5/2 2\/7(5)3/2 <c+dx)3/2

2 /3 Ve+dx
2 |-V/2n FresnelC|
N

Sin [ 2b (cd+dx) }

]+
ﬁﬁm

Problem 59: Result more than twice size of optimal antiderivative.

Sin[a+bx]3
J————————dx

(crdx)72

Optimal (type 4, 356 leaves, 19 steps):
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W 2 Jerdx
5/2 _bc "
2b%2+/2 7 Cos|a y | Fresnelc| N ]
N
5d7/2
Vb & Vedax
6b°'2/6 1 Cos[3a <| FresnelC]| a
5d7/2 N
r ¢ Jerdx
. 3b
6b°'2/6 1 FresnelS| ﬁ | sin[3a- dc )
5d7/2
Vb | 2 Acrdx )
5/2 " . _ bc
2b%2~/2 71 Fresnels| e | sin|a ; ] 16 b2 Sin(a + b x]

5d7/2 5d>+/c+dx

4bCos[a+bx]Sin[a+bx]? 2Sin[a+bx]® 24b2Sin[a+bx]3

- +
5d? (c+dx)¥? 5d (c+dx)>? 5d*~/c+dx

Result (type 4, 1429 leaves):

d

3 1 (b)\52 bc Cos [ BLedx ]
— [Cos[a] —2(7) Sin[f} d -
4 5d d d (3)5/2 (c+dx>5/2
COS[ c+dX ] 2 Sln[M)_]
++/ 27 Fresnels| Verdx ||+ d
7T (2)3/2 (c+dx)3/2
Vvec+dx d
1 b\ 5/2 bc Sin [ b (cxdx) ]
—2 (—J Cos|[—] d +
5d d d (5)5/2 (c+dx)5/2
) COS[ c+d x } 2 Sln[ c+d x }
— o d -V2 Fr‘esnelC c+dx g— 4 -
3 b 3/2
( ) (c dx) : l Vvec+dx
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) COS[ b (c+dx) ] Sin[b(mdx)}
— +2 Fr‘esnelS — vVc+dx + d -
b 3/2 3/2
l Ve+dx d) (c+dx>
1 b 5/2 bc Sin[b(c+dx) ] ) cos[b(c+dx) ]
—2 ( J sin[—] d ‘= d -
5d d 3

d (2)5/2 (c+dx)5/2

Sln[ b (c+dx) ]
-2 Fr‘esnelC Ve+dx +

d \/C+dx

Cos[3b c+d x ]

5 Cos [ 3b(cxdx)
1 -Cos[3a] %18\/?[5] Sin[BZC} 5/zd 2 2 [ } +
4 5 b 5/2 3 [
9ﬁ(d> (C+dX> \/? 3 /7c+dx
o < Sin[3b (cxd x) ] L
V2 Fresnels| [ = [— Vc+dx ||+ d -
a 35 (2)7 caax??| | 59

Sin [ 3b (c+dx) ]

COS[3b (c+d x) ]
d

18\/?[b]5/2Cos[3bc] d
- +
d d QW(g)S/Z (c+dx)5/2 3 3\/?(3)3/2 (c+dx)3/2

b 6 Sin[Sb c+d x }
-2 7 FresnelC| g | = Ve+dx |+ d -
JT

\/?\/?\/CerX

2

5/2 Cos 3b (c+dx)
sin[3a] —ilsﬁ(g) Cos[3bc] { d }

5d d 9\5(3)5/2 <c+dx)5/2

COS[Bb (c+d x) ]
5 d

+
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b 6 Sin[Bb(udx)] 1
V27 Fresnels| S [ = Ve+dx ||+ d i
JT

3\/?(3)3/2 (c+dx)3/2 5d

Sin[Sb c+d x ]

cos [ 3b (c+dx) ]
d

2 d
L L _
3

343 (5)3/2 (C+dx)3/2

18+/3 [E]S/ZSin[Bbc]
d d 9\/?(5)5/2 (crdx)®?

b 6 Sin[“’ (c+d x) ]
2 |-+/2r FresnelC[ | = [— Vec+dx |+ d
d s
V3 l% Nerdx

Problem 68: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

dx

X2 Y =z
J[—+x \VSin[e + fx]
Sin|

e+ fx]¥2

Optimal (type 4, 62 leaves, 3 steps):

. . 1 T
16E111pt1cE[;(e—;+fx),2} 2x2Cos[e+fx] 8x+/Sin[e+fx]
- - +
3 f+/Sinf[e + f x] 2

Result (type 5, 185leaves):

. . 1 1 3 .
8e lfx [2-2¢21 (X [3 Hypergeometric2F1[- =, =, =, e2i(efx |,
4 2 4
21 fx : 137 21 (e+fx
e?*FXHypergeometric2F1[ =, =, —, e?! (@ F¥ ]| sec[e]
2 4 4
(3 \/—je’j (e+fx) (_1+en (e+fx)> 'F3) _ 1
3 +/Sinfe + f x]

Sec[e] ((8+f*x*) Cos[fx]+ (-8+f>x*) Cos[2e+fx]-8fxCos[e] Sin[e+fx])

Problem 109: Result more than twice size of optimal antiderivative.

c+dx
[ ax
a+aSinfe+fx]
Optimal (type 3, 60 leaves, 3 steps):
(c+dx> Cot[§+f+%‘} ) 2dLog[Sin[§+f+%‘H

af af?
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Result (type 3, 148 leaves):

f x f x
[—dfxCos[e+ —] +2dCos[7] Log[Cos |
2

N R

(e+fx)]+sin[= (e+fx)]] +2cfSin[B] +

/ 2

N |

. Tx
d‘FXSln[T] +2dLog[Cos|

(a £2 (Cos[g] +Sin[§]) (Cos[

1 . f x
; (e+-Fx>H Sln[e+7]
1
2

(e+fx)] )

Problem 112: Result more than twice size of optimal antiderivative.

J (c+dx)? i

(a+asinfe+fx])?

(e+-Fx)] +Sin|

N RN

(e+-Fx)] +Sin|

Optimal (type 4, 309 leaves, 10 steps):
i(c+dx)? 2d (crdx) Cot[S+ s £X]

- 4 -
3a2f a2 f3

dferdx)Tese[$ s s B (crdn)cot[$ e de B cscls 2 B°
2a2-F2 6aZ-F
2d <c+dx)2Log[1—jl@fl (e+f) | 4d3 Log[Sin[§+f+%‘H
aZ-FZ ! a2.f:4
41 d? (C+dX> PolyLog[Z, i et (e+fx)] 4d3 PolyLog[B, i el (e+fx)]
a2 f3 ! a2 f4

Result (type 4, 719 leaves):
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1
332 f3

1

1
6d (Cos[e] +iSinfe]) [2id*x+ic®f>x+cdf’x*Cos[e] + —d*f?

Cos[e] +i (1+Sinfe]) 3

x> (Cos[e] -iSin[e]) -icdf?x*Sin[e] + (2d*+c*f?) x (Cos[e] - i Sin[e])

(1-1icCos[e] +Sin[e]) +%d2 (2fx+2ArcTan[Cos[e+fx] +iSin[e+fx]]+
ilog[1+Cos[2 (e+fx)]|+isSin[2 (e+fx)]|]|) (iCos[e]+Sin[e])

(Cosfe] +i (1+Sinfe])) +§c2f (2fx+2ArcTan[Cos[e+fx] +iSin[e+fx]]+

ilog[1+Cos[2 (e+fx)]|+isSin[2 (e+fx)]|]|) (iCos[e]+Sin[e])
(Cosfe] +i (1+Sinfe])) +cd (fx (fx+2ilog[l-iCos[e+fx]+Sinfe+fx]])+
2Polylog[2, i Cos[e+fx] -Sin[e+fx]]) (iCos[e] +Sin[e])
(Cosfe] +1i (1+Sinf[e])) +i1cd2 (F2x* (fx+3ilog[l-1iCos[e+fx]+Sinfe+fx]])+
3
6 f xPolylog[2, i Cos[e+fx] -Sin[e+fx]] +61PolylLog[3,

iCos[e+fx] -Sinfe+fx]]) (iCos[e] +Sin[e]) (Cos[e] +i (1+Sin[e])) |+

|+

3fx
],

3fx

[(c+dx)

3fx
c?f2Cos|e+

3df (c+dx) COS[B] 76d2Cos[e+f—X} +6d?Cos[e+
2 2

f x

]+2cd-F2xCos[e+3 | +d?f2x?Cos e+

12d251n[f—x} —3c2fzsin[F—X] —6cdf2xSin[f—X] -

2 2 2
3d2.,:2xzsin[f7x] +3cd-FSin[E+ %} +3d2'FXSin[e+-F7X}])/
et sin51) el to- 0 sint o101 )

Problem 119: Result more than twice size of optimal antiderivative.

c+dx
J dx
a-aSinfe+ fx]
Optimal (type 3, 59 leaves, 3 steps):
2dLog[Cos[§+f+‘c—XH (c+dx) Tan]
+

+
2

N D

a f? af

Result (type 3, 155 leaves):

[dfxcos[ef?x]udcos[%"} Log[Cos[%(erFx)]—Sin[%(e+fx>H+2cfSin[f7X}+
dfxsm[fz—x]_ZdLog[cos[i(e+fx)]_51n[§<e+fx>]}51n[e+%"]]/

(afz [cos[*] -sin[ *] | (Cos[%(erFx)]—Sin[%(e+-Fx>] )
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Problem 132: Result unnecessarily involves imaginary or complex numbers.

]>3/2

dx
2

J(a+asin[e+fx

X

Optimal (type 4, 263 leaves, 9 steps):

3 f x e i fx 1

-~ afCosIntegral|— | Csc[—+ ~+ —]Sin[~ (2e-nx)|Va+aSin[e+fx] +
4 2 2 4 2 4
3 3fx e 71 fx o1 .
faFCosIntegr‘al[i]Csc[7+7+f}51n[f(6e+7r)]\/a+a51n[e+fx] -
4 2 2 4 2 4
2aSin[§+§+%]2\/a+asin[e+fx] )

X
*a'FCsc[E+£+ffX}Sin[l(2e+7r)]\/a+asin[e+fx] SinIntegr‘al[-fo}Jr
2 4 2 4 2

3 1 e 1 fx - X 3fx
—aFCos[—(6e+ﬂ)]Csc[—+—+—] vJa+asSinfe + fx] SlnIntegr'al[ ]
4 4 2 4 2

Result (type 4, 226 leaves):
[]i (—]l 3 et (e+fx) (j_ el (e+‘Fx))2)3/2

3ifx 1
"2 fxExpIntegralEi[- —ifx]|+
2

(276]'1 el (e+FX) _ g 2i (e+fx) | 54 31 (e+fx) +3<Eie+

. if 216 3
2ies | +3ie 2 fxExpIntegralEi[- —ifx]|+
2

3ifx
3ie” "% 2 fxExpIntegralEi|

Beiﬂ(ze*fx)fxEprntegr‘alEi[ijX}) /(4\/7(1’1“9]'l (eﬂcx))sx)

2

Problem 133: Result unnecessarily involves imaginary or complex numbers.

3/2

(a+asinfe+fx])
J dx

x3

Optimal (type 4, 332leaves, 13 steps):

—iaFZCos[i(Ze—ﬂ)]CosIntegr‘al[ﬁ]Csc[E+E+—x} vJa+aSin[e+fx] -

16 4 2 2 4 2

ia-F2CosIn‘cegr‘al[1‘:—)(}Csc[g+z+f—x]Sin[l(2e+ﬂ”\/aJraSin[eJr-Fx] -

16 2 2 4 2 4

3afCos[§+§+%"]Sin[§+f+2—x] a+asSin[e+ fx] aSin[iJrf+%"}2\/a+asin[e+fx]
2x ) x? }

iafZCos[l<2e+7r)]Csc[SJrEJrF—X} Ja+aSinfe + fx] SinIntegr‘al[f—X}Jr

16 4 2 4 2 2

f x

(2e-r)] Va+asin[e+fx] SinIntegr‘al[3

}

ia1‘:2Csc[E+£+f—X} Sin|
16 2 4 2

D |w

Result (type 4, 295 leaves):
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1
162 (i+e <e+”>)3x2

i (7]-1 ae i (e fx) (1'1 + el (e+fx)>2)3/2 (74+12].l el (€FX) | 19 @21 (e+FX) _ g4 g3 (e+Fx)

6ifx+6el X Fxipie2t (e FX) £y 63 (e FX) £y

. desifx 2.2 . 1 . 21 es2iFX 1fx
3ie : f2x? ExpIntegralEi|[- —ifx] +3e : f2x Eprntegr‘alEl[ | -
2
3i6x 3 . 314 fx
9e : f2x?ExpIntegralEi[- ~ifx|-9ie:? P(2efx) g2 42 ExpIntegralki | ]
2 2

Problem 163: Result more than twice size of optimal antiderivative.

J (c+dx)? ix

a+bSin[e + fx]

Optimal (type 4, 495 leaves, 12 steps):

ibel (e fx) ] ibet (e+fx)

a-+/ a?-b? a++/ a?-b?

_ . _
Va%-b? f Vva?-b2 f

ibet (e+fx)

3d (c+dx)®PolyLog|2, * 3d (c+dx)®PolyLog|2,

a-+/ a2-b? a+/ a2-b?
A/az_bz ‘F2 1/a2_b2 .FZ

i (c+dx)’Log|1 i(c+dx)’Log[1-

ibel (e+fx)

(e+fx)

6id? (c+dx) Polylog[3, *2<“™ ] 6id? (c+dx) Polylog[3, ‘o=
id? (c+dx) Polylog| afﬁ] id? (c+dx) yg[,mm]
+ +
Va? b2 VaZ-p? £3

6 d*> Polylog 4, M} 6 d* PolyLog [4, M}

a-+/a%-b? a++/ a2-b?

Va2 -p?2 £ Va2 -bp2 £
Result (type 4, 1486 leaves):
1
v a? - b2 f4\/(7a2+b2) (Cos[2e] +iSin[2e])
b (C 2 f 1 Sin[2 f
i|3i+a’-b* 2dfxlog[l+ (Cos(2e+fx] +isin(2e+fx)) ]

iaCos[e] +\/ (-a?+b?) (Cosle] +J‘lsin[e])2 -—asSin[e]

(Cos[e] +iSin[e]) +3iq/a’-b* cd®f x*

b (Cos[2e+fx]+iSin[2e+fx])

Log[1 + | (Cosle] +isinfe]) +
iaCos| +J 2+b?) (Cosle ]+1‘1$in[e1)2 ~asSin[e]
j\/ﬁd3f3x3Log[l+ b (Cos[2e+fx] +iSin[2e+fx]) ]

iacCos[e] +\/(7a2+b2) (Cos[e] +iSin[e])® -asSin[e]

(Cosfe] +iSinf[e]) +3+/a®-b* df? <c+dx)2
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b (Cos[2e+fx] +iSin[2e+fx])

PolyLog[Z, -

J

iacCos| +\/( a2+ b?) (Cos[e ]+jSin[e})2 -aSin[e]

(Cosfe] +iSin[e 3+/a 2 df? (c+dx) ?PolyLog|2,

b (Cos[2e+1°x1 +1$1n[2e+fx])

| (Cosfe] +isSinfe]) +

-iacCos[e] +\/(7a2+b2) (Coste] +]iSin[e])2 +asSinfe]

b (Cos[2e+f i Sin[2e+ f
6i/a?-b? cd?fPolylog[3, - (Cos[2e+fx]+iSin[2e+fx]) |
iacCos[e] +\/ (-a%+b?) (Cosle] +J'1$in[e])2 -aSin[e)]

(Cos[e] +iSin[e]) +61i \/a* - b* d* fxPolylog|3,
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| (Cosfe] +iSin[e]) -
iaCos[e] +\/(—a2+b2) (Cose] +Jisin[e])2 -~asSin[e]

6Wd3PolyLog[4,— b (Cos[2e+fx] +iSin[2e+fx]) ]
iacCos[e] +\/<7a2+b2> (Cose] +jSin[e})2 —aSinfe]

e

Cos[e] +iSinfe]) +

6md3PolyLog[4, b (Cos[2e+fx] +iSin[2e+fx]) ]
-1aCos[e] +\/<—a2+b2> (Cose] +iSin[e})2 +aSinfe]

(Cosle] +iSin[e]) +3+/a®-b* c2df’x

b (Cos[2e+fx] +iSin[2e+fx])

Log[1 - ] (-icCos[e] +Sin[e]) +
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3\/ﬁcd2f3x2Log[1, b(COS[Ze+fX]+JiSin[2e+-Fx}> }
~iacos[e] +/(-a?+b?) (Cos[e] +iSin[e]]? +asSin[e]

(-1iCos[e] +Sinfe]) ++/a*-b* d® £ x°

b (Cos[2e+fx] +iSin[2e+fx])

Log[1- ] (-icCos[e] +Sin[e]) +

-iaCos[e] +\/(—a2+b2) (Coste] +Jisin[e])2 +asSinfe]

b (Cos[2e+f i Sin[2e+f
6\/HcdszolyLog{B, (Cos[2e+fx] +isSin[2e+fx]) ]
-1 acCos[e] +\/(—a2+b2) (Cos[e] +JiSin[e])2 +asinfe]

(-iCos[e] +Sin[e]) +6+/a®-b? d*>fxPolylLog|3,

b (Cos[2e+fx] +iSin[2e+fx])

| (-iCos[e] +Sin[e]) -

-iacCos[e] +\/(732+b2) (Cos[e] +iSin[e])® +aSin[e]

bCos[e+fx] +i (a+bSin[e+fx])

4/a27b2

2i ¢ f2 ArcTan| }\/(—a2+b2) (Cos[2e] +isSin[2e])

Problem 168: Result more than twice size of optimal antiderivative.
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(c+dx) 3
J dx
(a+bSin[e+1‘:x])2
Optimal (type 4, 925 leaves, 22 steps):
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i (e+fx)
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i (e+fx)
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+

(a2 -b?) %2 4 (a2 -b?)%% £4 (a2-b?) f (a+bSin[e+fx])

Result (type 4, 7006 leaves):

Ar‘cTan[b+aTan l7(e+*Fx) ]
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;Baczd G "
(a% - b2) F2 Jai pE
1 x a+b)Cot[i(—e+E—fx)]
_ 2(7e+—7fx ArcTanh | ] -
v/ —a? + b? 2 a2 + b2

(-a+b) Tan[% (—e+§—fx)]

2 [—e +Ar‘cCos[—E}] ArcTanh |
—a?+b?
(a+b) Cot[i (7e+§7fx)]

V -a? + b?

ArcTanh [

] _

ArcCos [ - 3} -2
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-a?+b? V2 /b Va+bSin[e + fx]
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2 2
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2 2
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2
b+aTan| (e+f x)
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! 6acd’Cot[e] i + !
(az _ bz) £3 W _a2+b2

(a+b) Cot[i (—e+§—fx)]
vV -a%+b?
-a+b) Tan[i (—e+§—fx)]

\ -a?+ b2

JT
2 (—e+ ——Fx) ArcTanh |
2

2 (—e + ArcCos [f %} ] Ar‘cTanh[
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} +

ArcTanh [

ArcCos [— 2} +21 |ArcTanh [ ] - ArcTanh [

Log v aZib?l er (e iFx) |
og -
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(b a+b+mTan[§(—e+§—fx)] )}+
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[b a+b+mTan[§(—e+§—fx ] ]]_
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]

|/
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i
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i (2e+fXx)
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iaeie_\/(_a2+b2) e2ie
i (2e+fx)
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iaeie+\/(_32+b2) e2ie
i (2e+fx)
3ae3je'F2x2Log[1+ b el (2e+fx ]7
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i
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/
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Problem 169: Result more than twice size of optimal antiderivative.

J (c+dx)? x

(a+bSin[e+1‘:x])2

Optimal (type 4, 671 leaves, 18 steps):



Mathematica 11.3 Integration Test Results for 4.1.10 (c+d x)~m (a+b sin)”~n.nb | 23

2d (c+dx) Log[1- tbel =™ ialcsdx)?log[q_ ibell™
i (c+dx)? (c+dx) Log| e ia(c+dx)®Log| =

(az_bz) f (az_b2> £2 (az_bz)B/z_F

2d (c+dx) Log[1- 22 ] ia(c-dx)®Log[1- 1]

a+/ a’-b? a++/ a-b?

+ +

(a? - b2) £2 (a2-b2)%%f

2 i d? PolyLog|2, ibet (et | 2ad (c+dx) PolyLog|2, ibe

a-+/ a?-b? a-+/ a?-b?

i (edfx)

(a2 -b?) £3 ) (a2 - 62) %2 2 *
2 i d2Polylog|2, ibe =™ 2ad (c+dx) PolyLog[2, ibe =™
i yg[,wm] (c+dx) yg[,wm
+ —
(a2 -b?) £3 (a2 - 62) %2 2
2iad?Polylog[3, “2<“™ 1 2 ad?polyLog[3, ‘e =™
e i L | predrotoel, a2 b2 b (c+dx)*Cos[e+fx]
* +
(az_ b2)3/2 3 <a2_b2)3/2 £3 (az,b2> f <a+bSin[e+'Fx})

Result (type 4, 8893 leaves):
1
(a2-b?) f (-1+Cos[2e] +iSin[2e])

2i (Cos[e] +1iSin[e])

iac2 Ar,c-l-an[ﬂa+bCos{e+fx}+ibsin[e#x] ] (Cos[e] _i Sin[e])

[ 2 p2
2cdxCos[e] +d?>x%2Cos[e] + - -
Nerar

2ac dAr‘cTan[ ia+bCos[e+fx]+ibSin[e+fx] ] (Cos[e] _i Sin[e})

Joo 1
.
VvaZz-b? f 2+vVaZ-b? f
1a+bCos[e+fx L bSin[e + fx
-4+/a*-b? -|:x+4aAr‘cTan[]l ’ [e+Px]+i e J]+
4/a2_b2

2 C f 1 Si f
2+/a®-b® ArcTan| a (Cos[e+fx] risinfe+fx]) | -i+/a®-b® Log[4a®Cos|

b(-1+Cos[2e+2fx] +iSin[2e+2fx])

cd

2e+2fx] +b? (-1+Cos[2e+2fx] +jSin[2e+2-Fx])2+411aZSin[2e+2-Fx]}

ia+bCos[e+fx]+ibSin[e+fx] ] (COS [e] +15Sin [e} )
[ a2_p2

(Cosle] -iSin[e]) - "
Vaz-b?

2ac dAr‘cTan[ 1a+bCos[e+fx]+ibSin[e+fx] ] (COS[E] fi Sin[e})

a27b2
Vaz-b? f 2f
4 a ArcTan [ 1a+bCos[e+fx]+ibSin[e+fx] ]
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b(-1+Cos[2e+2fx] +iSin[2e+2fx])
b? (-1+Cos[2e+2fx] +iSin[2e+2fx])?+4ia’Sin[2e+2fx]]

(Cosfe] +iSinf[e]) +2icdxSin[e] +id*x*Sin[e] -
2cdx (Cos[e] -iSin[e]) (-1+Cos[2e] +iSin[2e]) -
d*>x* (Cos[e] -iSin[e]) (-1+Cos[2e] +iSin[2e]) +2bd* (Cos[e] -iSin[e])

-||x*/ |2 |iaCos[e] -~aSin[e] -/ (-a*+b?) (Cos[2e] +iSin[2e]) ||+
ad J )

[JixLog[1+ (b (Cos[2e+fx] +iSin[2e+fx]))/

(J‘laCos[e] -aSin[e] 7\/(7az+b2) (Cos[2e] +isSin[2e]) )]]/

(f (jaCos[e} —asSinfe] 7\/(7a2+b2) (Cos[2e] +isSin[2e]) )) +

PolyLog|2, —((b (Cos[2e+fx] +JiSin[2e+-Fx]))/

(jaCos[e} —asSinfe] —\/<—a2+b2> (Cos[2e] +isSin[2e]) )]]/

(fz (JiaCos[ej -aSinfe] —J(—a2+b2) (Cos[2e] +isSin[2e]) )))/
(712Cos[2e} \/(-a*Cos[2e] +b*>Cos[2e] -ia’Sin[2e] +ib*Sin[2e]) +
b

1 Y 432 2 s a2cs L b2 cs
b2151n[2e} \/( a“Cos[2e] +b“Cos[2e] -1a“Sin[2e] +1b Sln[Ze])

) ;

¢/

ixLog[1+ (b (Cos[2e+fx] +JlSin[2e+-Fx]))/

2 (JiaCos[e] ~asSin[e] +\/(—a2+b2) (Cos[2e] +isSin[2e]) )) +

iaCos[e] -aSin[e] +\/(—a2+b2) (Cos[2e] +iSin[2e]) )]]/

(f (JiaCos[e] —aSin[e] +\/(-a2+b2) (Cos[2e] +iSin[2e]) )) +

PolyLog|2, 7(<b (Cos[2e+fx] +JiSin[2e+-Fx]))/

(jaCos[e} —asSinfe] +J(fa2+b2) (Cos[2e] +isSin[2e]) )]]/

(fz (iaCos[e] —asSin[e] +\/(—a2+b2) (Cos[2e] +isSin[2e]) )))/
[712(:05[26} /(-a*Cos[2e] +b*Cos[2e] -ia’Sin[2e] +ib>Sin[2e]) +12]'151n[
b b

2e] /(-a®Cos[2e] +b*Cos[2e] -ia’Sin[2e] +ib*Sin[2e])

]—Zbd2 (Cosle] +

iSinfe]) (— x2/ (2(1’1aCos[e1 —asSin[e] —\/(—a2+b2) (Cos[2e] +isSin[2e]) )) +

ixLog[1l+ (b (Cos[2e+fx] +JiSin[2e+-Fx]))/
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iaCos[e] —aSin[e] 7\/(7a2+b2) (Cos[2e] +iSin[2e]) )]]/

f (JiaCos[e} -—aSin[e] —\/ (-a*+b?) (Cos[2e] +iSin[2e]) )

+

PolyLog|2, —((b (Cos[2e+fx] +jSin[2e+-Fx}>)/

(JiaCos[e} -—asSinfe] —J(—a2+b2> (Cos[2e] +iSin[2e]) )]]/

/

1 2 2 . 2 s . 2 s
[—fZCos[Ze] \/(-a*Cos[2e] +b*Cos[2e] -ia’Sin[2e] +ib*Sin[2e]) +
b

-

iaCos[e] -aSin[e] —\/(—a2+b2) (Cos[2e] +isSin[2e]) ))

1
—21iSin[2e] /(-a*Cos[2e] +b*Cos[2e] -ia’Sin[2e] +ib*>Sin[2e])
b

2

] ;

</

ixLog[l+ (b (Cos[2e+fx] +JlSin[2e+-Fx]))/

iaCos[e] -aSin[e] +\/(—a2+b2) (Cos[2e] +iSin[2e]) )) +

iaCos[e] —aSin[e] +\/(—a2+b2) (Cos[2e] +iSin[2e]) )])/

(f (JiaCos[e} —asSin[e] +\/(—a2+b2) (Cos[2e] +iSin[2e]) )) +

PolyLog|2, 7(<b (Cos[2e+fx] +1’15in[2e+fx}))/

(JiaCos[e} -aSinfe] +\/(—a2+b2) (Cos[2e] +isSin[2e]) )]]/

(fz (iaCos[e] -~asSin[e] +\/(—a2+b2) (Cos[2e] +isSin[2e]) )))/
[712Cos[2e} \/(-a*Cos[2e] +b*>Cos[2e] -ia’Sin[2e] +ib*Sin[2e]) +
b

1
=21iSin[2e] /(-a*Cos[2e] +b*Cos[2e] -ia’Sin[2e] +ib*Sin[2e])
b

J .

(xz/ (2 (J‘laCos[e] —~asSin[e] +\/(—a2+b2) (Cos[2e] +isSin[2e]) )) +

21iad?

ixLog[1+ (b (Cos[2e+fx] +jSin[2e+fX]))/

iaCos[e] —aSin[e] +\/(7a2+b2) (Cos[2e] +iSin[2e]) )]]/

+

f (JiaCos[e} —aSin[e] +\/ (-a*+b?) (Cos[2e] +iSin[2e]) )

PolyLog|2, —((b (Cos[2e+fx] +jSin[2e+-Fx}>)/

(JiaCos[e} -—asSin[e] +J<—a2+b2> (Cos[2e] +isSin[2e]) )]]/

(fz (J‘laCos[e} -aSin[e] +\/(—a2+b2) (Cos[2e] +isSin[2e]) )))
(-iaCos[e] -aSin[e] - (Cos[2e] - iSin[2e])

\/(-a*Cos[2e] +b*Cos[2e] -ia’Sin[2e] +ijSin[2e])))/
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[b [—EZCOS[Ze] /(-a®Cos[2e] +b*Cos[2e] -ia’Sin[2e] +ib*Sin[2e]) +
b

1 LG _ a2 2 _:a2cs 12 cs
b2151n[2e} \/( a“Cos[2e] +b“Cos[2e] -1a“Sin[2e] +1b Sln[Ze])

) .

((xz/ (2 (JiaCos[eJ -asinfe] -/ (-a*+b?] (Cos[2e] +isSin[2e]] )) *

ixLog[1+ (b (Cos[2e+fx] +JiSin[2e+-Fx]))/

(J’laCos[e] -asSin[e] f\/(—a2+b2) (Cos[2e] +isSin[2e]) )]]/

(f (JiaCos[e] —asSinfe] —\/(—a2+b2> (Cos[2e] +isSin[2e]) )) +

PolyLog|2, 7(<b (Cos[2e+fx] +JlSin[2e+-Fx]>)/

(jaCos[e} —asSinfe] 7J<7a2+b2> (Cos[2e] +isSin[2e]) )]]/

(fz (iaCos[e} —~asSin[e] —\/(—a2+b2) (Cos[2e] +isSin[2e]) )))
(-iaCos[e] -aSin[e] + (Cos[2e] - iSin[2e])

J(-a*Cos[2e] +b2Cos[2e] - i a?Sin[2e] +jbzsin[2e])))/
1
[b {—EZCOS[ZE] /(-a*Cos[2e] +b*Cos[2e] -ia*Sin[2e] +ib*Sin[2e]) +

1 . . 2 2 2 3 fh2 QS
EZLSln[2e1 \/(-a*Cos[2e] +b*Cos[2e] -ia*Sin[2e] +ib Sln[Ze]))J] -

2acdf x2/ (2 (jaCos[e} —asSinfe] +\/<—a2+b2> (Cos[2e] +isSin[2e]) )) +

ixLog[1+ (b (Cos[2e+fx] +]‘lsin[2e+fx]))/

iaCos[e] -aSin[e] +\/(—a2+b2) (Cos[2e] +isSin[2e]) )]]/

(f (J‘laCos[e1 —~asSin[e] +\/(—a2+b2) (Cos[2e] +isSin[2e]) )) +

PolyLog|2, —((b (Cos[2e+fx] +iSin[2e+fx}))/

(iaCos[e} —~asSin[e] +\/<—a2+b2> (Cos[2e] +iSin[2e]) )]]/

(fz (jaCos[e] ~asinfe] ++/ (-a?+b?) (Cos(2e] +iSin[2e]) )))
(-iaCos[e] ~aSin[e] - (Cos[2e] -iSin[2e])
J(-a?Cos[2e] +b?Cos[2e] - i a?Sin[2e] +inSin[2e])))/
[b [7§2COS[ZQ] /(-a®Cos[2e] +b*Cos[2e] -ia’Sin[2e] +ib*Sin[2e]) +

1
—21iSin[2e] /(-a*Cos[2e] +b*Cos[2e] - ia’Sin[2e] +ib*>Sin[2e])
b

(xz/ (2(1’1aCos[e} —~asSin[e] —\/(—a2+b2) (Cos[2e] +iSin[2e]) )) +

J .

ixLog[1+ (b (Cos[2e+fx] +jSin[2e+fx]))/
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iaCos[e] —aSin[e] 7\/(7a2+b2) (Cos[2e] +iSin[2e]) )]]/

f (JiaCos[e} -—aSin[e] —\/ (-a*+b?) (Cos[2e] +iSin[2e]) )

+

PolyLog|2, —((b (Cos[2e+fx] +jSin[2e+-Fx}>)/

(JiaCos[e} -—asSinfe] —J(—a2+b2> (Cos[2e] +iSin[2e]) )]]/

(fz (J‘laCos[e} -aSin[e] —\/(—a2+b2) (Cos[2e] +isSin[2e]) )))
(-iaCos[e] -aSin[e] + (Cos[2e] - iSin[2e])

\/(-a*Cos[2e] +b*Cos[2e] -ia’Sin[2e] +ijSin[2e])))/
1

[b [—fZCos[Ze] /(-a*Cos[2e] +b*Cos[2e] -ia*Sin[2e] +ib*Sin[2e]) +
b

121‘151n[2e1 (-a*Cos[2 b2 Cos[2e] - 1 a2Sin[2 i b2Sin[2 -
N N [2e] + os[2e] -ia%Sin[2e] +1 in[2e])

ad?f x3/ (3 (jaCos[e} 7aSin[e]+\/(fa2+b2) (Cos[2e] +isSin[2e]) )) +

ix?Log[1+ (b (Cos[2e+fx] +JiSin[2e+fx]))/

iaCos[e] -aSin[e] +\/(—a2+b2) (Cos[2e] +isSin[2e]) )]]/

(f (J‘laCos[e} -aSin[e)] +\/(7a2+b2) (Cos[2e] +isSin[2e]) )) +

[ZxPolyLog[Z, —((b (Cos[2e+fx] +iSin[2e+fx]))/

(jaCos[e] ~asinfe] +/(-a?+b?) (Cos[2e] +iSin[2e]) )]]]/

(fz (jaCos[e] -aSin[e] +J(fa2+b2) (Cos[2e] +isSin[2e]) )) +

(ZiPolyLog[B, —((b (Cos[2e+fx] +iSin[2e+fx]))/

(jaCos[e} ~asinfe] +/ (-a?+b?) (Cos[2e] +iSin[2e]) )]]]/

(f3 (JiaCos[e} -aSinfe] +\/(—a2+b2) (Cos[2e] +isSin[2e]) )))
(-iaCos[e] -asSin[e] - (Cos[2e] -iSin[2e])
\/<—a2Cos[2e]+b2Cos[2e]—iaZSin[2e]+JinSin[2e])))/
1
[b [7—2Cos[2e]\/(fa2Cos[2e}+b2Cos[2e}7ja25in[2e}+ib25in[2e})+
b
1
=21iSin[2e] /(-a*Cos[2e] +b*Cos[2e] -ia’Sin[2e] +ib*Sin[2e])
b
x3/ (3 (jaCos[e} -~asSin[e] 7J<7a2+b2> (Cos[2e] +iSin[2e]) )) +

] .

ix?Log[1+ (b (Cos[2e+fx] +1’15in[2e+fx]))/

iaCos[e] -aSin[e] —\/(—a2+b2) (Cos[2e] +isSin[2e]) )]]/
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(f (iaCos[e} —asSin[e] —\/(—a2+b2) (Cos[2e] +iSin[2e]) )) +

2 x Polylog|2, 7((b (Cos[2e+fx] +jSin[2e+fx]))/

(JiaCos[e} -aSin[e] —\/<—a2+b2> (Cos[2e] +iSin[2e]) )]])/

(fz (iaCos[e} —asSin[e] —\/(—a2+b2) (Cos[2e] +isSin[2e]) )) +

[ZiPolyLog[B, —((b (Cos[2e+fx] +JiSin[2e+fx]))/

(iaCos[e} -aSin[e] —\/<—a2+b2> (Cos[2e] +iSin[2e]) )]])/

(ﬁ(jaCosm]—aSﬂwe]—J(—a2+bﬂ @ospe]+j$inpe]))y
(-iaCos[e] ~aSin[e] + (Cos[2e] -iSin[2e])
/(-a*Cos[2e] +b*Cos[2e] - ia*Sin[2e] +ijSin[2e])))/
1
[b [732Cos[2e] /(-a®Cos[2e] +b*Cos[2e] -ia’Sin[2e] +ib*Sin[2e]) +
1
—21iSin[2e] /(-a*Cos[2e] +b*Cos[2e] - ia’Sin[2e] +ib*>Sin[2e])

b
((xz/ (2 (iaCos[e] -aSinjfe] +\/<_a2+b2> (Cos[ze] +JlSin[2e])

X

21iad?

+

[JixLog[1+ (b (Cos[2e+fx] +iSin[2e+fx]))/

(J‘laCos[e] ~asSinfe] +\/(732+b2) (Cos[2e] +iSin[2e]) )]]/

(f (jaCos[e} —asSinfe] +\/(7a2+b2) (Cos[2e] +isSin[2e]) )) +

PolyLog|2, 7(<b (Cos[2e+fx] +JiSin[2e+-Fx]))/

(jaCos[e} —asSinfe] +\/<—a2+b2> (Cos[2e] +isSin[2e]) )]]/

(fz (iaCos[e} —~asSin[e] +\/(—a2+b2) (Cos[2e] +isin[2e]) )))
(Cos[2e] +iSin[2e]) (-iaCos[e] -aSin[e] - (Cos[2e] - iSin[2e])

\/(-a*Cos[2e] +b®Cos[2e] -ia’Sin[2e] +jbzsin[2e])))/
1
[b [—EZCOS[ZG] /(-a*Cos[2e] +b?Cos[2e] -ia*Sin[2e] +ib*Sin[2e]) +

1
—21iSin[2e] /(-a’Cos[2e] +b*Cos[2e] -ia’Sin[2e] +ib*Sin[2e])
b

]_

xz/ (2 (jaCos[e} -—asSinfe] 7J<7a2+b2) (Cos[2e] +isSin[2e]) )) +

ixLog[1l+ (b (Cos[2e+fx] +jSin[2e+fx]))/

iaCos[e] -aSin[e] —\/(—a2+b2) (Cos[2e] +isSin[2e]) )]]/

(f (jaCos[e} -~asSin[e] —\/(7a2+b2) (Cos[2e] +iSin[2e]) )) +
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Polylog|2, —((b (Cos[2e+fx] +jSin[2e+-Fx}))/

(jaCos[e} -asSin[e] 7\/(7a2+b2> (Cos[2e] +isSin[2e]) )]]/

(fz (JiaCos[e} —asSin[e] —\/(—a2+b2) (Cos[2e] +isSin[2e]) )))
(Cos[2e] +iSin[2e]) (-iaCos[e] -aSin[e] + (Cos[2e] -iSin[2e])
\/(—a2Cos[2e]+b2Cos[2e]—jaZSin[2e]+jbzsin[2e])))/

1 2 2 s N2 C 4 s 2 C4
[b [—EZCOS[Ze]\/(—a Cos[2e] +b*Cos[2e] -ia*Sin[2e] +ib’Sin[2e]) +

1. .. 2 2 L2 e D2 s
EZLSln[Ze} \/(-a*Cos[2e] +b*Cos[2e] -ia’Sin[2e] +ib Sln[2e]))J] +

2acdf

(xz/ (Z(jaCos[e} —aSin[e]+\/<fa2+b2) (Cos[2e] +isSin[2e]) )) +

ixLog[1+ (b (Cos[2e+fx] +jSin[2e+fx]))/

iaCos[e] —aSin[e] +\/(7a2+b2) (Cos[2e] +iSin[2e]) )]]/

(f (JiaCos[e} —asSin[e] +x/(—a2+b2) (Cos[2e] +iSin[2e]) )) +

PolyLog|2, 7(<b (Cos[2e+fx] +1’15in[2e+fx}))/

(JiaCos[e} —aSin[e] +J<—a2+b2> (Cos[2e] +iSin[2e]) )]]/

|

(Cos[2e] +isSin[2e]) (-iaCos[e] -aSin[e] - (Cos[2e] - iSin[2e])

‘

iaCos[e] -aSin[e] +\/(—a2+b2) (Cos[2e] +isSin[2e]) )

\/(-a*Cos[2e] +b*Cos[2e] -ia’Sin[2e] +]‘1b25in[2e])))/
1 . .
[b [—32Cos[2e] \/(-a*Cos[2e] +b*Cos[2e] -ia’Sin[2e] +ib’Sin[2e]) +

1 Y ) 2 _ia2cs C 2 Q4
b2151n[2e} \/( a“Cos[2e] +b“Cos[2e] -1a“Sin[2e] +1ib Sln[Ze])

] .

x*/ |2 [iaCos[e] -asSin[e] -4/ (-a*+b?) (Cos[2e] +iSin[2e]) +
[0/ (2 J )

ixLlog[l+ (b (Cos[2e+fx] +jSin[2e+-Fx]))/

(jaCos[e] ~asSin[e] 7\/(7a2+b2) (Cos[2e] +isSin[2e]) )]]/

(f (jaCos[e} —asSinfe] 7\/(7a2+b2) (Cos[2e] +isSin[2e]) )) +

PolyLog|2, 7(<b (Cos[2e+fx] +JiSin[2e+-Fx]))/

(jaCos[e} —asSinfe] —\/ (-a*+b?) (Cos[2e] +iSin[2

I/

e]))
(f2 (iaCos[e} —asSin[e] —\/(—a2+b2) (Cos[2e] +isSin[2e]) )))
e

(Cos[2e] +1iSin[2e]) (-iaCos[e] -aSin[e] + (Cos[2e] -1iSin[2e])
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(-a*Cos[2e] +b*Cos[2e] - ia*Sin[2e] +JinSin[2e])))/
1

[b [7—2Cos[2e] \/(-a*Cos[2e] +b*>Cos[2e] -ia’Sin[2e] +ib*Sin[2e]) +
b

1
=21iSin[2e] /(-a*Cos[2e] +b*Cos[2e] -ia’Sin[2e] +ib*>Sin[2e])
b

X

ad®f

((x3/ (3 (JiaCoS[eJ -asinfe] ++/ (-a?+b?] (Cos[2e] +iSin[2e]] )) N

ix?Log[1+ (b (Cos[2e+fx] +JiSin[2e+-Fx]))/

(J’laCos[e] ~aSinfe] +\/(—a2+b2) (Cos[2e] +iSin[2e]) )]]/

+

(f (JiaCos[e} —aSin[e] +\/ (-a*+b?) (Cos[2e] +iSin[2e]) )

2 x Polylog|2, —((b (Cos[2e+fx] +1'LSin[2e+-Fx]))/

(jaCos[e} -aSin[e] +J<fa2+b2) (Cos[2e] +iSin[2e]) )]]]/

(fz (JiaCos[e} —~asSin[e] +\/(—a2+b2) (Cos[2e] +isin[2e]) )) +

[ZjPolyLog[3, 7((b (Cos[2e+fx] +1’1$in[2e+fx]))/

(JiaCos[e} —aSin[e] +\/<—a2+b2> (Cos[Ze] +iSin[2e]) )]])/

|

(Cos[2e] +iSin[2e]) (-iaCos[e] -aSin[e] - (Cos[2e] - iSin[2e])

‘

iaCos[e] -aSin[e] +\/(—a2+b2) (Cos[2e] +isSin[2e]) )

\/<7a2Cos[2e]+b2Cos[2e]7JiaZSin[2e]+]‘1b25in[2e])))/
1 . .

[b [—32Cos[2e]\/(—a2Cos[2e}+b2Cos[2e}—jazsln[Ze}+jb251n[2e})+
1 . . .
EZJ‘lSln[Ze}\/(—aZCos[Ze]+b2Cos[2e]—ja251n[2e]+jb251n[2e])

((x3/ (3 (JiaCos[e} -aSin[e] —\/(—a2+b2) (Cos[2e] +iSin[2e]) )) +

] .

ix?Log[1+ (b (Cos[2e+fx] +JiSin[2e+-Fx]))/

(jaCos[e] ~asSin[e] 7\/(7a2+b2) (Cos[2e] +isSin[2e]) )]]/

(f (iaCos[e} —asSinfe] 7\/(7a2+b2) (Cos[2e] +iSin[2e]) )) +

2xPolyLog[2, - | (b (Cos[2e +fx] +jSin[2e+-Fx]))/

(jaCos[e} -asin[e) —\/<—a2+b2> (Cos[2e] +isSin[2e]) )]]J/

| -

(fz (JiaCos[e} —asSin[e] —\/(—a2+b2) (Cos[2e] +isSin[2e])

[ZjPolyLog[B, 7(<b (Cos[2e+fx] +1'LSin[2e+-Fx]))/
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(jaCos[e} -asin[e) 7\/<7a2+b2) (Cos[2e] +isSin[2e]) )]])/

(f3 (iaCos[e] —asSin[e] —\/(—a2+b2) (Cos[2e] +isSin[2e]) )))
(Cos[2e] +isSin[2e]) (-iaCos[e] -~aSin[e] + (Cos[2e] -iSin[2e])

\/(-a*Cos[2e] +b®Cos[2e] -ia’Sin[2e] +ijSin[2e]>))/

1 2 2 L2 D2 s
(b (—EZCOS[ZE]\/(—a Cos[2e] +b*Cos[2e] -ia*Sin[2e] +1ib®Sin[2e]) +

1
—21iSin[2e] /(-a’Cos[2e] +b*Cos[2e] -ia’Sin[2e] + i b*Sin[2e])
b

)}

(Csc[g] Sec[g] (-ac*Cosle] -2acdxCos[e] -

2 2

a

d2

X2

Cos |
e] -bc?Sin|
fx] -

2bcdxSin[fx] -bd*>x*Sin[fx])
b) (a+
b) f (a+
b

Sin|
e+-Fx]))

/(2 (a-

Problem 175: Result more than twice size of optimal antiderivative.

J(c+dx)"‘ (a+bsinfe+fx])*dx

Optimal (type 4, 318 leaves, 10 steps):

a? (c+dx)¥™ b2 (cdx)H abe (=7 <c+dx)m(—i‘z*ﬂl)fm6amma[l+m,—M%L]
N _ _

d(1+m) 2d (1+m) f

abe (%) (c+dx)" (4—)—“ Cd*dx )7mGamma[1+m, if (evdx) ‘;*dx ]

.F

+

IPERITPCICES (c+dx)" (——(—Hf ‘;*dx )7mGamma[1+m, —Q—Lz“dc*dx ]

.F

i23mp2 g2t (e (crdx)" (—(—)—“ Z*dx )7mGamma[1+m, —(—)—2“:*“ ]

.F

Result (type 4, 707 leaves):
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-m

1

f2 (c+dx>2
df (1+m)

2-3- (c+dx)m[ -

m m

+23Ma2dfx

m

2 (c+dx)?
d2

m

2 (c+dx)?
d2

2 (c+dx)?
d?

2332 ¢ f +22Mp2 c f

f2 (c+dx)2
d2

if (c+dx)
d

if (c+dx)

S

if (c+dx)
d

(J‘lf (c+dx)

if<c+dx)
d

" 2¢cf 2if (c+dx)
Cos[2e- y | Gamma [1 +m, —f

" 2¢cf 2if (c+dx)
Cos[Ze— p ]Gamma[1+m,7 -

m 2cf 2]'1'F(C+dx>
Cos[2e- y | Gamma [1 +m, —

" 2if(c+dx), 2¢f
Gamma [1 +m, —7} Sin[2e- y

2if (c+dx) } Sin[Zef 2
d d
m 21 f d
Gamma [1+m, %} Sin[2e- sz} -
m 2]i'F(C+dX) ) 2¢f
Gamma[1+m, 7} Sln[ze— p

m 1 f d
Gamma [1 +m, %}

m if(c+dx)
Gamma [1 +m, P

" 2¢cf 2if (c+dx)
Cos[ZefT] Gamma [1 +m, 7#

+]1b2d[

ib%dm

] -

ib%d

ib%dm

] -

b%d

if (C+dx> m
d] Gamma[1+m, -

Ji'F<C+dX)

b2dm

b?d

Ji'F(C+dX)

b2dm |-
d

] -

if (c+dx)

S

if (c+dx)
d

23"abd (1+m)

d

?mabd(1+m

]

Problem 181: Result more than twice size of optimal antiderivative.

(e+fx)Sinfc+dx]
J dx

a+asSin[c+dx]

Optimal (type 3, 76 leaves, 5steps):
ex  fx2 <e+fx)Cot[§+§+d7x] 2-FL0g[Sin[§+f+d7xH

— + +
a 2a ad ad?

Result (type 3, 199 leaves):

Cos[e—i] -iSin[e- —]|

+22Mb2 d fx

] +

c-F)
d
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dx d x
[ZdeCos[CJrf] +Cos[f}
2 2

d*x (2e+fx) —4-FLog[Cos[1 (c+dx)] +sin|
2

(c+dx)H -

N |-

4deSin[d—X] —ZdeSin[d—X} +2d2exSin[c+d—X} +d2fxzsin[c+d—x} -
2 2 2 2

/

Cos[i (c+dx)] +Sin[§ (c+dx)]

4-FLog[Cos[§ (c+dx)] +Sin[1 (c+dx)]] Sin[c+d—x]

2 2
(Zad2 (Cos[%} +Sin[§])

|

Problem 182: Result more than twice size of optimal antiderivative.

j Sin[c +d x] dx

a+aSin[c+dx]

Optimal (type 3, 28 leaves, 2 steps):
x Cos[c +dx]
a d{a+asin[c+dx])

Result (type 3, 72leaves):

Cos[% (c+dx)] +Sin[§ (c+dx)]

((c+dx) Cos[% (c+dx) ]+ (-2+c+dx) Sin[% (c+dx)]

]/ (ad (1+sSin[c+dx]))

Problem 185: Result more than twice size of optimal antiderivative.

(e+fx)*sin[c+dx]?
J dx

a+aSin[c+dx]
Optimal (type 4, 247 leaves, 14 steps):

i(e+fx)® (e+fx)* 6F2 (e+fx) Cos[c+dx]
_ N _
ad 4af ad?

(e+fx)3Cos[c+dx] <E+fx)3Cot[§+f+dTX}

+

ad ad
6f <e+fx)2Log[1—jeﬁ<C*dX)] 121 f2 (e + fx) Polylog[2, i e’ (4% ]
ad? ) ads ’
12 f2 Polylog[3, i e! 4% | gf3sin[c+dx] 3f (e+Ffx)*Sin[c+dx]
ad* ) ad* : ad?

Result (type 4, 1378 leaves):
1

_4ad4 (Cos{ﬂ +Sin[§]) (Cos[i (c+dx)] +Sin[% (c+dx>])

(—6d2e2FCos[d—X} +12f3Cos[d—X] +4d4e3xCos[d—X] +121‘1d3e2fxCos[d—X} -
2 2 2 2
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12d2e-F2xCos[d—X] +6d4e2-Fx2Cos[d—X] +121d3ef2x2cos[d—x] -
2 2

6d2f3x2Cos[dfx} +4d4eF2x3Cos[de] +4J'ld3‘F3X3COS[d7X] +d4f3x4Cos[d—X] +
2 2

2 2
26 cos[c+ ] -12de 2 Cos[c X 1807 FxCos[c ] -
2 2 2
12df3xcos[c+d—x] +18d3ef2x2cos[c+d_x} +sdsfaxgc()s[“d_x] .
2 2 )
2d e’ Cos[c+ 3dx] -12def?Cos|c+ 3dx} +6d>e? fxCos|c+ de] -
2 2 2
12d 3> xCos|[c+ de] +6d>ef?x?Cos[c+ 3dx] +2d> 3 %3 Cos [ + 3dx] +
2 2 2
6d?e?fCos|[2c+ 3dx] -12f3Cos[2c+ 3dx} +12d*ef?xCos[2c+ 3dx] +
2 2 2

2 632 3dx ) 2 d x ) X
6d? > x? Cos[2c+ | -24d?e?fCos|—] Log[1-1iCos[c+dx] +Sin[c+dx]] -
2 2
s o dx ) .
48 d? e f?xCos|[—| Log[1-1iCos[c+dx] +Sin[c+dx]] -
2

232 dx . . 3 3cs 14X
24 d° 2 x Cos[f] Log[l-1iCos[c+dx] +Sin[c+dx]] -10d°e Sln[f} +
2 2

12defzsin[d—x} 718d3e2fxsin[d—x] +12df3xsin[d—x] -
2 2

2
dx dx d x
18d*ef2x?sin[—| -6d* 2 x*Sin| —] -6d?e? fSin[c+ —| +
2 2 2
d x dx dx
123 sinfc+ —] +4d*e*xSin[c+ —] +12i d*e* fxSin[c+ —] -
2 2 2
d x d x d x
12d2ef2xsin[c+f}+6d4e2-FXZSin[c+f]+1Zjd3ef2x25in[c+f}—
2 2 2
d x d x d x
6d°f>x?sin[c+ —| +4d*ef x*Sin[c+ —] +4id® Fx3Sin[c+ — | +
2 2 2
463 4 s d x 2 .2 . . . dx
d* 3 x*sin[c+ —] -24d*e? fLog[1-1iCos[c+dx] +Sin[c+dx]] Sin[c+ —| -
2 2
2 2 . . . dx
48d?ef?xLog[1l-1iCos[c+dx] +Sin[c+dx]]Sin[c+ —] -
2
2£3,2 . . . d x
24 d° 2 x“ Log[1l -1 Cos[c +dXx] +Sln[c+dx]151n[c+7] -
2
3 ) . d x . d x
48 3 Polylog(3, i Cos[c+dx] -Sin[c+dx]] [Cos[—] +Sin[c+ — ]| +
2 2
c c
481 df* (e+fx) Polylog[2, i Cos[c+dx]-Sin[c+dx]] [Cos[—} +Sin[—])
2 2

3dx
2

|+

]—6d2'F3XZSin[c+ 3
2 2

Cos[1 (c+dx)] +Sin[1 (c+dx)}) -6d*e*fSin[c+
2 2
d x

d x d x

12-F3Sin[c:+3 ]—12d2e-F2xSin[c+3

|+

3dx 3dx 3dx
2d3e3Sin[2c+ ]712de-FZSin[2c+ ]+6d3e2fxsin[2c+
2 2 2

} ,
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3dx

]

3dx 3dx
12df3xsin[2c+ | +6d?ef?x*sin[2c+ | +2d®Fx3sin[2c+
2 2 2

Problem 187: Result more than twice size of optimal antiderivative.

dx

J(ewa) Sin[c+dx]?

a+asSin[c+dx]

Optimal (type 3, 111 leaves, 8steps):

ex fx2 (e+fx)Cos[c+dx]

dx

a 2a a
*dTX} 2fLog[Sin[§+§+7H fSin[c+dx]

(e+fx) Cot[i i
+ +

ad a d? a d?

+

Result (type 3, 236 leaves):
1
2ad? (1+Sin[c+dx])

Cos[% (c+dx” +Sin[§ <c+dx)]

1
Sin[* (c+dx)] [—4de+2cde+2c-F—cz-F+2d2ex—2d-Fx+d2-Fx2+
2

(c+dx)]]-2fsin[c+dx]|+

N |

(c+dx)] +sin]

N |

2d (e+fx) Cos[c+dx] -4fLog|[Cos|

Cos[1 (c+dx)] [2cde+2cf-c?f+2d?ex+2dFfx+d*fx?+2d (e+fx) Cos[c+dx] -
2

4f Log|Cos|

N |

(c+dx)] +Sin[1 (c+dx)]]-2fsin[c+dx]
2

Problem 191: Result more than twice size of optimal antiderivative.

dx

J(e+fx)3sin[c+dx]3

a+aSin[c+dx]

Optimal (type 4, 382 leaves, 19 steps):
3efix 3fx2 i(e+fx)’ 3(e+fx)* 6F2 (e+fx) Cos[c+dx]

+ + +

4ad? 8ad? ad 8af ad?
(e +fx)*Cosfcdx] (e fx)’cot[ T+ 0+ ] 6F (erfx)2Log[1-iel (=40] )
ad ad a d?
121 2 (e +fx) Polylog|2, i el (<*dX | 12 f3Polylog|3, i e! (<¢X ]
- +
ad? ad*

6f3Sinfc+dx] 3f (e+fx>2sin[c+dx] 3f2 (e+fx) Cos[c+dx] Sin[c+dx]
- +

ad* a d? 4ad?
(e+fx)’Cos[c+dx]Sin[c+dx] 3f3sin[c+dx]2 3f (e+fx)’Sin[c+dx]?

+

2ad 8ad* 4ad?

Result (type 4, 1264 leaves):
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3e3x 9e2fx? 3ef2x’? 3f3x4 1
+ + + +

2a 4a 2a 8a ad*
2f|-3d? (e+fx)*Log[l-iCos[c+dx] +Sin[c+dx]] +6idf (e+fx)
PolylLog[2, i Cos[c+dx] -Sin[c+dx]] - 6 f2PolyLog[3, i Cos[c+dXx] -Sin[c+dx]] +
id®x (3e?+3efx+f2x?) (Cos|c] +jSin[C]>J
n

Cos[c] +i (1+Sin[c])

Cos[c] - 1Sin[c]

2ad* 2ad*

3 x3 Cos|c i £3 x3Sin[c
el 1 ) (e 3ide’f 6def 61
2ad 2ad

3xCos|c 31xSin|[c
(dzezf—zjdefz—2f3)( el 21 [])+
2ad? 2ad?

3x?2Cos[c] 31ix%Sin[c]

(def?-if?) (Cos[dx] -isSin[dx]) +
2 ad? 2 ad?
3 x3 Cos|c i £3 x3Sin[c Cos|[c i Sinfc
[}+1 []+(d3e3+3Jldzez'F—6deF2—6j1F3) []+]l [c] +
2ad 2ad 2ad? 2ad*
3x? (def?Cos[c] +if3Cos[c] +idef?Sin[c] -f>Sin[c]) 1
+
2 ad? 2ad?

3x (d*e*fCos[c] +2idef?Cos[c] -2f>Cos[c] +id?e*fSin[c] -

2def?sin(c] 2]1F3Sin[c})] (Cos[dx] +isSin[dx]) +

._F_:, 3C 2 .F3 35' 2
(_1 x”Cos[2c] X2 (aidPe’ ed e fibidef 3
8ad 8ad

Cos[2c 1Sin[2c 31xCos[2cC 3xSin[2c
( 12c] 1sind J]+(2d2e2f—21def2—f3) 2ixCos(ze] [ ])+
32ad* 32ad* 16 a d> 16 a d3
Sy . .3 3ix?Cos[2c] 3x?>Sin[2c] o
(2def?-if?) |- - (Cos[2dx] -isSin[2dx]) +
16 a d? 16 a d?
i £3 x3Cos[2c f3x3Sin[2¢c Cos[2c i Sin[2c
(l [2c] : J+(41‘1d3e3—6d2e21‘:—61'1de1°2+31‘:3) [ ]+]l ! ]J+
8ad 8ad 32ad* 32ad*

3ix*(2def’Cos[2c] +if’Cos[2c] +2idef>Sin[2c] -f>Sin[2c]) +
16 a d?
3ix (2d*e*fCos[2c] +2idef?Cos[2c] -f>Cos[2c] +

16 ad3

2id?*e*fsin[2c] -2def?Sin[2c] -if>Sin[2c])| (Cos[2dx] +1iSin[2dx]) -

2 (e3Sin{d7X} +3e2-FxSin[d7X] +3e-F2x2$in[d7X] +-F3X3Sin[d7x])

Cos[i] +Sin[§]) (Cos[§+d7x} +Sin[§+d7"])

ad

—_—

Problem 192: Result more than twice size of optimal antiderivative.

dx

J(e+fx)zsin[c+dx]3

a+aSin[c+dx]

Optimal (type 4, 278 leaves, 17 steps):
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£2x j<e+fx)2 (E+fx>3 2f2Cos[c+dx]
+ + -

4 a d? ad 2af ad3

+

(e+-Fx>2Cos[c+dX] <e+'Fx)2Cot[§+§+d7x} 4-F(e+-Fx) Log{l—jei“*d)‘)]
+ - +

ad ad a d?
41 f2Polylog|2, i e' (*9% ] 2f (e+fx)Sin[c+dx] f2Cos[c+dx]Sin[c+dx]

N _
ad3 a d? 4ad?
(e+fx)*Cos[c+dx]Sin[c+dx] f (e+fx)Sin[c+dx]?
+

2ad 2 ad?

Result (type 4, 931 leaves):
1

16 a d3 (Cos[i] +Sin[§” (Cos[i (c+dx)] +Sin[§ (c+dx)])

(8d2e2Cos[c+d—X] —161‘2Cos{c+d—x] +48d2eFxCos[c+d—X] +24d2f2x2Cos[c+d—X] +
2 2 2 2

6 d? e? Cos[c + BdX] -15f2Cos[c + de} +12d?efxCos|c+ BdX} +6d*f2x? Cos [c + BdX} +
3dx 3dx 5dx
14defCos[2c+ | +14df*xCos[2¢c+ | -2defCos[2c+ |-
2
2df>xCos[2c+ de} +2d’e?Cos[3c+ de] -f2Cos[3c+ de} +4d>efxCos[3c+ de] +
2 2

2d? f2x*Cos[3c+ de] +8dCos[d—X] (3d?e®x+f2x (-2+2idx+d?x?) +
2

ef (-2+4idx+3d>x?) -8f (e+fx) Log[l-iCos[c+dx]+Sin[c+dx]]) -

40d2e251n[d—x] +16f251n[d—x] -48d2efxsin[d—x] -24d2f2x251n[d—x] B
2 2 2 2

16de-FSin[c+de] +24d3e2xSin[c+de] +321‘1d2e-FxSin[c+de] -
2 2 2

16df2xSin[c+dl} +24d3efx25in[c+dl} +16jd2f2x25in[c+d—x] +
2 2 2

36203 ¢y ax, s . ; ax,
8d>f2x3>Sin[c+ —| -64deflog[l-iCos[c+dx]+Sin[c+dx]]Sin[c+ —|
2 2

dx
64df2xLog[l-iCos[c+dx] +Sin[c+dx]]Sin[c+—]+
2

64 i f2 Polylog([2, i Cos[c+dx] -Sin[c+dx]] |Cos|[~—] +Sin[c+ — ]
2 2

d x 3dx}

dx} -14df2xsin[c+3 | +6d*e®sin[2c+
15f2Sin[2c+ de} +12d’efxSin[2c+ 3dx} +6d2f2x?Sin[2c+ 3dx

, 3
l4defSin[c+

2 2 2
2 2 2
X} +f2sinf[2c+ de} -4d?efxsin[2c+ de] -

2 2
5dx 5dx 5dx
2d2 f2x?*sin[2c+ | -2defsin[3c+ | -2dfxsin[3c+
2 2 2

},

5d
2d?e?sin[2c+

]
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Problem 199: Result more than twice size of optimal antiderivative.

J(eﬂcx) Csclc+dx]

a+asSin[c+dx]

dx

Optimal (type 4, 134 leaves, 9steps):

2 (e + fx) ArcTanh[et (c+d%) | (e+Fx) COt[i*f*%ﬂ
) ad ' ad )
2fLog[sin[$+ 2+ ]| fPolylog[2, -e! (<*4X ] i fPolylLog[2, e' (¢+dX)]
ad? : ad? ) ad?

Result (type 4, 300leaves):

1 1 1
Cos|— (c+d Sin|— (c+d
ad? (1+Sinfc+dx]) [2< : X>]+ ' {2( " X)]

Cos[1 (c+dx)] JrSin[1 (c+dx)]

[,2d(e+fx)sin[l(C+dXH+‘C(C+dX> ) 2

2

+

Cos[1 (c+dx)] +Sin[1 (c+dx)]

2fLog[Cos[§(c+dxH+Sin[1<c+dx)H 5 5

2

Cos[1 (c+dx)] +Sin[1 (c+dx)]

deLog[Tan[%(Cerx)H A A

7chog[Tan[§ (c+dx)]]

(Cos[1 (c+dx)]+sin[1 (c+dx)]|+f ((c+dx) (Log[1-e! (<] -Log[1+e! (9] +

2 2

i (PolyLog|2, -ef "% | _polyLog[2, e (c*dX) Cos 1 c+dx) | +5Sin 1 c+dx
(PolyLog| ] - PolyLog| J) ( ) ( )

2 2

|

Problem 200: Result more than twice size of optimal antiderivative.

J Csc[c+dx] dx

a+aSin[c+dx]

Optimal (type 3, 38leaves, 3 steps):
ArcTanh[Cos[c +dx]] Cos[c+dx]

ad d(a+asin[c+dx])

Result (type 3, 113 leaves):
—( Cos[l (c+dx)] +Sin[1 (c+dx)]
2 2

(Cos[% (c+dx)]

Log [cos[ ~ () ]] - Log[stn[ [ -dx)]] |+
(2+Log[Cos[§ (c+dx)]] —Log[Sin{i (C+d><)H]

)/ (ad (1+sinfc+dx]))

Sin[% (c+dx)]
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Problem 203: Result more than twice size of optimal antiderivative.

(e+-Fx>3Csc[c+dx]2
J dx

a+aSin[c+dx]

Optimal (type 4, 463 leaves, 24 steps):

2i (e+fx)> 2 (e+fx)’>ArcTanh[e! (¢ ] (e+fx)’Cot[S+ 2]
_ . _ _

ad ad ad
(e+fx)’Cot[c+dx] 6F (e+fx)?Log[1-1ie! (X ]
ad : ad? :
3f (e +-Fx)2 Log[1-e2i(cd ] 3 f (e +-Fx)2 PolyLog[2, -e' (¢+dX)]
ad? ) ad? )
12i f2 (e + fx) Polylog[2, i el (<0 ] 3if <e+Fx)2PolyLog[2, el (c+dx) ]
ad? ' a d? )
3if? (e+fx) Polylog[2, e*! (<*dX ] 6f2 (e+fx) Polylog[3, -e' (<*4x |
ad? : ad? i
12 3 Polylog|[3, i e' (*¢¥ ] 62 (e+fx) Polylog[3, e! (4% ]
ad* ) ad? :
33 PolyLog[3, e?! (¢*4) ] 61 3 Polylog[4, -e! ("9 ] 61 > PolyLog[4, e (¢+dX |
2ad ' ad* ) ad*

Result (type 4, 1208 leaves):

| 39
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e3Log[Tan[i(c+dx)H 1

ad ad?
3e*f | (c+dx) (Log[1-e' @] -Log[1+e! (9% ]) —cLog[Tan[l (c+dx)]]+
2
i (PolyLog[2, -e' ("% ] - Polylog[2, e' (“*4¥) ) | - !
4adt

efcfCsclc] (2d°x® (2de®  x+3i (-1+e*' ) Log[1-e?! (X)) 4

6d (-1+e’'¢) xPolylog[2, e (“9¥ ]| 134 (-1+e?" ) PolyLog|3, e (<*4¥ |} 1 136e'F2

ad

(d*>x? ArcTanh [Cos[c+dx] +i Sin[c+dx]] - i dxPolyLog[2, ~Cos[c+dx] -iSin[c+dx]] +
idxPolylLog[2, Cos[c+dx] +1Sin[c+dx]] +
PolyLog([3, -Cos[c+dx] -1Sin[c+dx]] -PolyLog[3, Cos[c +dX] +JiSiI’l[C+dX]]> -

1
74-F3 (-2d®x*ArcTanh[Cos[c+dx] +1iSin[c+dx]] +3id*x*Polylog[2,
ad

-Cos[c+dx] -1Sin[c+dx]] -31id?>x?PolylLog[2, Cos[c+dx] +1Sin[c+dx]]-6dx
PolylLog[3, -Cos[c+dx] -1Sin[c+dx]] +6dxPolyLog[3, Cos[c+dx] +1Sin[c+dx]] -
6 1 Polylog[4, -Cos[c+dXx] -1 Sin[c+dx]] +61PolyLog[4, Cos[c +dX] +jlsin[c+dx]}) +

(3e?fCscc] (-dxCos[c] +Log[Cos[dx] Sin[c] +Cos[c] Sin[dx]] Sin[c])) /
1

ad*

(ad® (Cos[c]?+Sin[c]?)) +

2f [3d? (e+-Fx)2Log[1—JiCos[c+dx] +Sinfc+dx]] -6idf (e+fx)

Polylog[2, i Cos[c+dx] -Sin[c+dx]] + 6 f?PolylLog[3, i Cos[c+dx] -Sin[c+dx]] +

d>x (3e?+3efx+f2x?) (-iCos[c] +Sin[c]) 1
.
Cos[c] +i (1+Sin[c]) 2ad

C c dx . o dx ) . dx > 9. rdX 3 30, rdX
Csc|—] Csc[—+—] [&2Ssin[——] +3 e’ fxSin[—] +3ef2x?Sin| — | + x> Sin[—] | +

2 2 2 2 2 2 2
1
2ad

d c dx
sec[~] sec[—+—
ec[z} ec[2+ 2}

e sin[ 2] - 3etexsinl ] 3¢ e sin ] £ sin [ X))
2 2 5

2
2 <e3Sin{d7X} +3e2-FxSin[dTX] +3ef2x25in[d7x] +-F3X3Sin[dz—x])

ad (Cos[i] +Sin[§]) (Cos[§+d7x} +Sin[§+d7"])
3ef?Csclc] Sec[c] |d* e AreTantTanicll y2 ;(idx (-7+2ArcTan[Tan[c]]) -
1+Tan[c]?

nlog[l+e2tdx] -2 (dx+ArcTan[Tan[c]]) Log[1 - e?! (dxwhArcTan(Tan(c]l) ]
mLog[Cos[dx]] +2ArcTan[Tan[c]] Log[Sin[d x + ArcTan[Tan[c]]]] +

i Polylog[2, ! (dxwArcTan(Tan(c]]) 1) Tan[c] /(a d3\/5ec[c12 (Cos[c]?+sSin[c]?) )
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Problem 204: Result more than twice size of optimal antiderivative.

(e+-Fx)2Csc[c+dx]2
J dx

a+aSin[c+dx]

Optimal (type 4, 327 leaves, 20 steps):
21 <e+-Fx)2 2 (e+-Fx)2Ar'cTanh[qafl (cxdx) ]
- +

ad ad

(e+fX>ZC0t[§+f+d7x] (e+fx)*Cot[c+dx] 4f (e+fx)Log[l-ie! (0]
ad - ad ' ad? :

2f (e+fx) Log[1-e?(<d¥] 21 f (e+fx) Polylog[2, -e’ (<*4x |
ad? ) ad? )

41 f2Polylog|2, i e' (<*9% ] 2if (e+fx)Polylog[2, el (4% ]
ad? : ad? )

i f2Polylog|2, e?! (¢4 |  2f2polylog|3, -e! (<¢¥ |  2f2Ppolylog|3, e (4% |
ad? ' ad? ) ad?

Result (type 4, 663 leaves):
1
5 (-2id*efx-id®f>x*+2d*e®ArcTanh[Cos[c+dx] +iSin[c+dx]] +4d*efx
ArcTanh[Cos[c+dx] +1iSin[c+dx]] +2d?f*x?ArcTanh[Cos[c+dXx] +1Sin[c+dx]] -
2d*efxCotfc] -d>f2x*Cot[c] +2deflog[1-Cos[2 (c+dx)]-iSin[2 (c+dx)]]+
2df?xLlog[1-Cos[2 (c+dx)]|-iSin[2 (c+dx)]]-
2idf (e+fx) Polylog[2, -Cos[c+dx] -iSin[c+dx]] +
2idf (e+fx) Polylog[2, Cos[c+dx] +iSin[c+dx]] -
i f2 Polylog[2, Cos[2 (c+dx) | +isSin[2 (c+dx)]]+
2 f?Polylog[3, -Cos[c+dx] - iSin[c+dx]] -2f?PolyLog[3, Cos[c+dx] +iSin[c+dx]]) -
1
21 F
ad3

2id(e+fx)Log[l-iCos[c+dx]+Sin[c+dx]]+

x (2e+fx) (Cos[c] +iSin[c])

2fP01yLog[2,JiCos[c+dx}—Sin[c+dx]]+
Cos[c] +i (1+Sin[c])
Csc[;}Csc[

<+ dTX} (e251n[7"]+2e1‘x51n[7"}+F2x251n[d ])

+

2ad

Sec|< }Sec[i d?x} (eZSin[dT"]+2efoin[dTX}+f2xzsin[d7"])

+

2ad
2 (e251n[7"] +2efx51n[TX] -F2x251n[7x})

i dTX} +Sin[§+dx])

ad (Cos[i] +Sln[§]) (Cos{
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Problem 205: Result more than twice size of optimal antiderivative.

(e+fx) Csclc+dx]?
J dx

a+asSin[c+dx]

Optimal (type 4, 169 leaves, 12 steps):

2 (e +fx) ArcTanh[e! (4% | . (e+fx) COt[§+§+dTX] )
ad ad
(e +fx) Cot[c+dx] ZfLog[Si”[§+f+d7xH f Log[Sin[c+dx]]
+ + -
ad a d? a d?

i fPolylog[2, -e' (9% ] i fPolylLog|2, e! (¢+dx]
+

a d? a d?

Result (type 4, 396 leaves):
1

2ad? (1+Sin[c+dx])

1
2

+

Cos[1 (c+dx) ] +Sin[1 (c+dx>]) (—d (e+fx) Cos|

A A (c+dx)}(1+Cot[1<c+dx)]

2

4d (e+fx) Sin[%(c+dx)]—2f(c+dx> Cos[i(c+dx>]+$in[%(c+dx)] +
4fLog[Cos[§(c+dx)}+5in[§(c+dx)]] Cos[i(c+dx”+sin[§<c+dx)] +

2fLog[Sin[c +dx]]

Cos[% (c+dx)]+sin[ = (c+dx)]

N |

2deLog[Tan[§ (c+dx)]] (Cos[% (c+dx)] +Sin[§ (c+dx)}) +

2c-FLog[Tan[1(c+dx>H (Cos[l(c+dx)]+sin[l(c+dx)} -
2 2 2
2f ((c+dx) (Log[1-e* (<99 ]| —Log[1+e! (<90 ]) +
i (PolylLog|2, -e' (“*¥ ] —Polylog[2, e' (<*9¥ |} Cos[1 (c+dx) | +Sin[1 (crdx) ]|+
2 2

d(e+fx) Sin[% (c+dx)] [1+Tan[% (c+dx”

|

Problem 206: Result more than twice size of optimal antiderivative.

J Csc[c+dx]?

a+asSin[c+dx]

dx

Optimal (type 3, 51leaves, 5steps):
ArcTanh[Cos[c+dx]] 2Cot[c+dX] Cot[c+dx]
- +

ad ad d(a+asinfc+dx])

Result (type 3, 167 leaves):
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—Cos[l (c+dx)]2 2+Cot[§
)

A (c+dx) ]| -2Log[Cos|

N |

(c+dx)]] +2Log[Sin[% (c+dx)]]] +

(c+dx)H Sin[l (c+dx”2+

(c+dx)]|]-Log[sin| 2

2([3+Log[Cos[ %

Csclc+dx] Sin[%(c+dx”4+ 1+Log[Cos[§(c+dx)H—Log[Sin[%(Cerx)]]]

)/ (2ad (1+sin[c+dx]))

Sin[c +dx]

Problem 209: Result more than twice size of optimal antiderivative.

(e+-Fx>3Csc[c+dx]3
J dx

a+aSin[c+dx]

Optimal (type 4, 600 leaves, 40 steps):
21 (e+Fx)3 6 f2 (e+-Fx) Ar‘cTanh[ej (C*dx)} 3 (e+-Fx)3Ar'cTanh[<ejl (C*d")}
- - +

ad ad? ad
(e+fx)>Cot| S+
2

f+d7x] (e+Fx)3Cot[c+dx} 3f(e+fx)2CSC[C+dX1

+ — —

ad ad 2ad?
(e+fx)3Cot[c+dx] Csc[c+dx] 6F <e+'FX)2LOg[1—]'].tEj (crdx) |
2ad ) ad? )
3f (e+fx)’Log[1-e?! (40 ] 3jf3polylog[2, -el (¢4 ]
ad? i ad* :

91 f (e+-Fx)2PolyLog[2, —et <C*dx>] 121 f2 (e+Fx) PolyLog{Z, 1 et <C*dx>]
. _

2 ad? ad3
3i 3 Polylog[2, el (<X ]| 9if (e+Fx) 2 polylog [2, et (erdx)]

+

ad 2ad?
312 (e+fx) Polylog[2, e?! (<dX ] 9f2 (e+fx) Polylog[3, -e' (<*4x |
ad? B ad? -
12 3 Polylog|3, i el (4] 92 (e+fx) PolylLog|3, e’ (4% ]
ad* " ad? N
3f3 PolylLog [3, @21 (crdx) } 91 f3 PolylLog [4, _ el (crdx) ] 91 f3 Polylog [4, el (c+d x)}
2ad ) ad?® ! adt

Result (type 4, 1370leaves):
3e3 Log[Tan[% (c+dx)]] 3ef? Log[Tan[% (c+dx)]]

+ +

2ad ad?

29e2-F ((c+dx> (Log[l—ce]'l (c*dx)] —Log[lwejL (c*dx)]) -
2ad

c Log[Tan[l (c+dx)]]+i (PolyLog[2, -e' (<*9¥ ] —Polylog[2, e' (<*4¥ |} | +
2

“3# (o dx] (Log[1- et 9] - Log[1+ et (€90 ]) e Log[Tan|  [c-dx]]] -
ad 2
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1

4 ad*
efcfCsclc] (2d°x® (2de®* x+3i (-1+e?i¢) Log[1-e?* (<X ]) 4

i (PolyLog[2, e (““¥ ] —PolyLog[2, e! “9¥]) | +

6d (-1+e?'¢) xPolylog[2, e (9] +34 (-1+e”'¢) Polylog[3, e2! (<*4¥ ]} — %Qefz
ad

(d*> x> ArcTanh [Cos[c+dx] + i Sin[c+dx]] - i dxPolylog[2, ~Cos[c+dx] -iSin[c+dx]] +
i dxPolylLog[2, Cos[c+dx] +1Sin[c+dx]] +
PolylLog[3, -Cos[c+dx] -1Sin[c+dx]] -PolylLog[3, Cos[c +dX] +JiSin[c+dx}]) +

" 3% (-2d’x*ArcTanh[Cos[c+dx] +1iSin[c+dx]] +3id*x*Polylog[2,
2ad
-Cos[c+dx] -1Sin[c+dx]] -31d?>x?PolylLog[2, Cos[c+dx] +1Sin[c+dx]] -6dx
PolylLog[3, -Cos[c+dx] -1Sin[c+dx]] +6dxPolyLog[3, Cos[c+dx] +1Sin[c+dx]] -
6 i Polylog[4, -Cos[c+dx] -1Sin[c+dx]] +6 i PolylLog[4, Cos[c +d X] +iSin[c+dx]1) -
(3e*fCsc[c] (-dxCos[c] +Log[Cos[dx] Sin[c] +Cos[c] Sin[dx]] Sin[c])) /
1

ad*

(ad?® (Cos[c]?+sin[c]?)) +

2f|-3d? <e+fx)2Log[1—jCos[c+dx} +Sin[c+dx]] +

6idf (e+fx)Polylog[2, i Cos[c+dx] -Sin[c+dx]] -6F?

id*x (3e?+3efx+f2x?) (Cos[c]+1iSin[c])
PolylLog[3, 1 Cos[c+dx] -Sin[c+dx]] + +
Cos[c] +i (1+Sin[c])

Csclc] Csclc+dx]* (e*Sin[dx] +3e*fxSin[dx] +3ef*x*Sin[dx] + > x*>Sin[dx]) +
2ad
1

2ad?

Csc[c] Csclc+dx] (-de*Cos[c] -3de*fxCos[c] -3def’>x*Cos[c] -
df3x3Cos[c] -3e2fSin[c] -6ef?>xSin[c] -3Ff>x?Sin[c] -
2de’sin[dx] -6de’fxSin[dx] -6def?x*Sin[dx] -2d > x*>Sin[dx]) -

2 (e3Sin[d7X} +3e2-FxSin[d7X] +3e-F2xzsin[d7X] +-F3X3Sin[d7x])

ad (Cos[i] +Sin[§]) (Cos[§+d7x} +Sin[§+d7x])
3ef2Csclc] Sec[c] |d? etArcTanTan(c]] 2 _r (idx (-m+2ArcTan[Tan[c]]) -
1+Tan[c]?

7rLog[1+<e’“dx} -2 (dx+Ar‘cTan[Tan[c}]) Log[l—ezjl <dX+Ar‘cTan[Tan[c]]>} +
sLog[Cos[dx]] +2ArcTan[Tan[c]] Log[Sin[dx + ArcTan[Tan[c]]]] +

i Polylog|2, ! (dxwArcTan(Tanic]]) 1) Tan[c] / (a d3JSec[c}2 (Cos[c]?+sin[c]?) )

Problem 210: Result more than twice size of optimal antiderivative.

(e+fx)*Csclc+dx]?
J dx

a+aSin[c+dx]

Optimal (type 4, 392 leaves, 30 steps):



Mathematica 11.3 Integration Test Results for 4.1.10 (c+d x)~m (a+b sin)”~n.nb | 45

21 (e+Fx)2 3 (eJr-I:x)zAr‘cTanh[efl (c+dx) ] £2 ApcTanh[Cos [c + d x] |

- +

ad ad ad?

(e+fX>2C0t{§+f+d7x] (e+fx)*Cot{c+dx] F(e+Ffx)Csclc+dx]

+ — —

ad ad a d?

(e+fx)2Cot[c+dx] Csc[c+dx] 4f (e+fx)Log[l-1ie! (4]
2ad ) ad? )

2f (e+fx) Log[1-e?t(©d¥] 3if (e+fx)Polylog|[2, -e' (14X |

ad? : ad? :
41 f2 PolyLog[Z, iel (C*d”] 31 f (e+Fx) PolyLog{Z, el (C*d”}

ad’ ) ad? '
i f2Polylog[2, €2t (<9 ] 3 f2polylog|3, -e' (€99 ] 3 f2polylog|3, el (X ]

ad? ) ad3 : ad?

Result (type 4, 1420 leaves):
3e2Log[Tan[§(c+dx>H -FZLog[Tan[i<c+dx)H

+ +
2ad ad3
3o [(crdx) (Log[L-el 4] -Log[1s e 0]
ad
c Log{Tan[l (c+dx)]] +i (PolyLog[2, —e! 4% | _polylog[2, e (4%} ]| - %
2 ad

32 (d®>x* ArcTanh[Cos[c+dx] + i Sin[c+dx]] - idxPolylog[2, -Cos[c+dx] -iSin[c+dx]] +
i dxPolylLog[2, Cos[c+dx] +1Sin[c+dx]] +
PolylLog[3, -Cos[c+dx] -1Sin[c+dx]] -PolylLog[3, Cos[c +dX] +JiSin[c+dx}]) -
(2efCsclc] (-dxCos[c] +Log[Cos[dx] Sin[c] +Cos[c] Sin[dx]] Sin[c])) /
1

ad?

(ad® (Cos[c]?+Sin[c]?)) +

2if|2id(e+fx)Log[l-iCos[c+dx]+Sin[c+dx]]+

d?x (2e+fx) (Cos[c] +iSin[c])

2 fPolylLog[2, 1 Cos[c+dx] -Sin[c+dx]] +
Cos[c] +i (1+Sin[c])

1

p p Csclc] Csc[c+dx]?
8 ad? (Cos{ﬂ +Sin[§}) (Cos[§+ TX] +Sin{§+ TX}

72e-FCos[de] —ZFZXCos[de} 72efCos[3dX] 72-F2xCos[3dX] —5de2Cos[cfde] -
2 2 2 2 2

10de-FxCos[c—de} —5df2x2Cos[cfd—X} +de2Cos[c+d—X} +2defxCos[c+d—X} +
2 2 2 2

dFZXZCos[c+d—X] +2eFCos[2c+d—X] +2f2xCos[2c+d—X] ~-de?Cos|c+ 3dx] -
2 2 2 2
2defxCos|c+ dx] -df?x?Cos|c+ 3dx] +2efCos[2c+ de] +2f2xCos[2c+ BdX} +
2 2 2 5

) 3dx 3dx i 3dx
3de’Cos|[3c+ | +6defxCos[3c+ | +3df*x*Cos[3c+
2 2 2

]+
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d x

4de?Cos[c+ de] +8defxCos|c+ > | +4df?x*Cos|c+ >dx
2 2 2

) 5dx 5dx s o 5dx
2de’Cos[3c+ | -4defxCos[3c+ ] -2df?x*Cos[3¢c+
2 2 2 2

ZdEFXSi”{dfx}*dF2XZSin[d—X],deZSin[3dX X]f
2 2

2
dfzxzsin[?’dx] 72efSin[cfd—X} 72f2xSin[cfd—X] 72efSin[c+d—X] -
2 2 2 2

.+ 3d
}dee-FxSm[

Zfszin[c+d—X] —3deZSin[2c+d—X] —6deFxSin{2c+d—X] —3df2xzsin[2c+d—x} -
2 2 2 2

. 3dx ) . 3dx 9 3dx X 3dx
2e1=51n[c+ }—Z-F xSln[c+ ]—de Sln[2c+ ]—2defx$1n[2c+ ]—
2
3dx 3dx 3dx
df?x?sin[2c+ | +2efsin[3c+ | +2f*xsin[3c+ ]+
2 2 2
9 s 5dx . 5dx 2 2 es 5dx
2de’sin|[2c+ | +4defxSin[2c+ | +2dfx*sin[2c+ e
2 2 2
: 1
f2Csc[c] Sec[c] |d? etAreranimanicll x2y — (i dx (-7+2ArcTan[Tan[c]]) -
1+Tan[c]?

7rLog[1+<e‘2jdX} -2 (dx+Ar‘cTan[Tan[c}]) Log[l—ce“l mx*’*"”””“““q +
smLlog[Cos[dx]] +2ArcTan[Tan[c]] Log[Sin[d x + ArcTan[Tan[c]]]] +

i Polylog|2, ! (dxwArcTan(Tanic]]) 1) Tan[c] / (a d3JSec[c]2 (Cos[c]?+sin[c]?) )

Problem 211: Result more than twice size of optimal antiderivative.

(e+fx) Csclc+dx]?
J dx

a+aSin[c+dx]

Optimal (type 4, 216 leaves, 19 steps):

3 (e+fx) ArcTanh[e! (92 | . (e +Fx) Cot[S+ 2+ o] . (e+fx) Cotlc+dx]
ad ad ad
fCsc[c+dx] (e+fx) Cot[c+dx]Csclc+dx] ZfLOg[Sin[§+f+d7XH
2ad? ) 2ad . a d? )
flog[Sinfc+dx]] 31ifPolylog[2, -e (¢t ] 3] fPolylLog|2, et (¢*4X]
ad? : 2ad? ) 2ad?

Result (type 4, 484 leaves):
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1
8ad? (1+Sin[c+dx])

Csc[l (c+dx)] -

Cos[l(c+dX)]+Sin[1(C+dx>] 2

5 5 (—d(e+1‘x) (1+Cot[1(c+dx>]

2

Cos[1 (c+dx)] +Sin[1 (c+dx)]

16d (e+-Fx) Sin[1 (c+dx)] +8-F(c+dx)
2 2

2

+

[i (c+dx)] Cos[l (c+dx)] +Sin[1 (c+dx)]

2 (-f+2d f Cot
(-f+ (e+fx)) Co A "

16fLog[Cos[§ (c+dx)] +Sin[§ (c+dx)]] (Cos[% (c+dx)] +Sin[§ (c+dx)]

8 fLog[Sin[c+dx]] +

Cos[l (c+dx)] +sin]

A (c+dx)]

1
2

12deLog[Tan[§(c+dx)H Cos[i(c+dx”+sin[§(c+dx)] -
12chog[Tan[§(c+dx)H Cos[i(c+dx”+sin[§(c+dx)] +
12 ((c+dx) (Log[1-e' (9] - Log[1+e! (9¥ ) +

i (PolylLog[2, -e' (<*9¥ ] _Polylog[2, e' (<*4¥ ]})) Cos[i (c+dx)] +Sin[§ (c+dx)]|-
2 (f+2d(e+fx)) Cos[i(c+dx>]+sin[%(c+dx)] Tan[%(c+dx)]+

d(e+fx) Sec[% (c+dx)] [1+Tan[§ (c+dx)]

|

Problem 212: Result more than twice size of optimal antiderivative.

J Csclc+dx]3

a+asSin[c+dx]

dx

Optimal (type 3, 82leaves, 6 steps):
3 ArcTanh[Cos[c+dx]] 2Cot[c+dx] 3Cot[c+dx]Csc[c+dx] Cot[c+dx]Cscl[c+dx]
- + - +
2ad ad 2ad d(a+asinfc+dx])

Result (type 3, 253 leaves):
1

" 8ad (1+sin[c+dx])

(ZCot[1 (c+dx)] + Cot | (c+dx>]2,

2

N |

4Cos[% (c+dx)]2 (2+Cot[§ (c+dx) | —3Log[Cos[§ (c+dx)]] +3Log[Sin[% (c+dx)]]|+

24Sin[§ (c+dx>]2+12Log{Cos[§ (c+dx)]] Sin[% (c+dx)]2—

12 Log[Sin[ = (c+dx) || sin| (c+dx>]2+8Csc[c+dx}Sin[ (c+dx”4+

N |
N |

1

2
1

8Sin[c+dx] +12Log[Cos|~ (c+dx)]]|Sin[c+dx] -
2

12 Log[Sin[ = (c+dx) || Sin[c+dx] —2Tan[l (c+dx)] —Tan[l (c+dx”2
2 2 2
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Problem 214: Attempted integration timed out after 120 seconds.

Csc[c+dx]
J dx
(e+-Fx>2 (a+asin[c+dx])
Optimal (type 8, 31leaves, 0steps):
Csc[c+dx]3

Int| » X
(e+-Fx)2 (a+asin[c+dx])

Result (type 1, 1leaves):

2P

Problem 220: Result more than twice size of optimal antiderivative.

(e+fx)*sin[c+dx]
J dx

a+bSin[c+dx]

Optimal (type 4, 544 leaves, 14 steps):

, iale+fx) Llog[1- 2] g (e fx)?Log[1- toe
(e+fx) afa2 b2 anfa? b2
+ - +
4bf b+a?-b% d b+a?-b? d
3af (e+fx)2Polylog|2, <1 33f (e+fx)2Polylog|2, Lo =™
( ) { ) a2 } ( ) { ) s
- +
b+a?-b? d? b+a?-b? d2
6iaf? (e+fx)Polylog|3, 2“1 giaf (e+fx) Polylog|3, Loe =
( ) [ a-+/ a?-b? ] < ) [ 2/ a2_b? }
bv/a2-b2 o b~/aZ - b2 d3
6af3Polylog[4, ‘2“1 643 polyLog[a, Loe =™
: a—m} | a+ﬁ]
+
b+a?-b? d bva2-b? d*
Result (type 4, 1528 leaves):
X (4e’+6e?fx+defx?+f3x3) 1
4b b+ a? - b? d4J(7a2+b2> (Cos[2c] +isSin[2c])
b (Cos[2c+dXx i Sin[2c+dXx
ial3i+/a?-p? d3e2'FxLog[1+ ( [2c+dx] +1 [2c+ ]) ]

iacCos[c] +\/(7a2+b2) (Cos[c] +iSin[c])? -asin(c]

(Cosf[c] +iSin[c]) +3i+/a’-b> d>ef’x?

b (Cos[2c+dx] +iSin[2c+dx])

Log[1+ | (Cosic] +isinfc]) +

iacCos| +\/ 24+b2) (Cos[c] +1iSin[c])? -asSin[c]
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j\/md3f3x3Log[1+ b(COS[2C+dX]+]iSin[2C+dX]) }
iaCos[c] +\/(—a2+b2) (Cos[c] +J'LSin[c])2 —asSin[c]

(Cos[c] +iSin[c]) +3+/a?-b* d*f (e+fx)?

b (Cos[2c+dx] +iSin[2c+dx])

PolyLog[Z, -

]

iacCos[c] +\/ (-a2+b?) (Cos[c] +iSin[c])® -asSin(c]

(Cos[c] +iSin[c]) -3+ a®-b* d*f (e+-Fx)2PolyLog[2,

b (Cos[2c+dx] +iSin[2c+dx])

| (Cosfc] +isinfc]) +

2

-iacCos[c] +\/(—a2+b2) (Cos[c} +JiSin[c]) +asin[c]
b (C 2 d 1Sin[2 d
6 /a2 b defPolylog[3, - (Cos[2c+dx) ~isin[2c-dx]) |

iacCos[c] +J<—a2+b2> (Cos[c] +iSin[c1>2 ~asin[c]

(Cosfc] +isSinf[c]) +6i+/a’-b? df®xPolylog|3,
b (Cos[2c+dx] +iSin[2c+dx])

| (Cos[c] +isSin[c]) -

2

iacCos[c] +\/ (-a%+b?) (Cos[c] +iSin[c])® -asin[c]
smPPolyLogH,— b(COS[2c+dX]+JiSin[2C+dX]) ]

2

iacCos[c] +\/(—a2+b2) (Cos[c] +iSin[c])® -asSin[c]

—

Cos[c] +iSin[c]) +

GﬁPPolyLogH, b(COS[2C+dX]+JiSin[2c+dX]> ]
-iaCos[c] +\/(—a2+b2) (Cosc] +JiSin[c])2 +asin[c]

(Cos[c] +isin[c]) +3+/a*-b* d®e®fx

b (Cos[2c+dx] +iSin[2c+dx])

Log[1 -

| (-iCos[c] +Sin[c]) +

~iacCos[c] +J(—a2+b2) (Cos[c] +JiSin[c1>2 +asSin[c]

3md3ef2X2Log[l— b(COS[2C+dX}+JiSin[2c+dX]) ]
-iacCos[c] +\/<—a2+b2) (Cosc] +jSin[c})2 +asSin[c]

(-1 Cos[c] +Sin[c]) ++/a*-b* d® %3

b (Cos[2c+dx] +iSin[2c+dx])

Log[1- | (-iCos[c] +Sin[c]) +

-i1aCos[c] +\/<—a2+b2) (Cos[c] +JiSin[c}>2 +asSin[c]

b (C 2 d 1 Sin[2 d
6-/a? - b? de?Polylog[3, (Cos[2c+dx] +isin[2c+dx]) ]
~iacCos[c] +\/(—a2+b2) (Cos[c] +JiSin[c1)2 +asSin[c]

(-iCos[c] +Sin[c]) +6+/a®-b? df>xPolyLog|3,
b (Cos[2c+dx] +iSin[2c+dx])

] (-1iCos[c] +Sinfc]) -

-iaCos[c] +\/ (-a%+b?) (Cos[c] +JiSin[c])2 +asin[c]
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bCos[c+dx] +i (a+bSin[c+dx])

1/a2_b2

] \/ (-a?+b?) (Cos[2c] +iSin[2c])

21i d?e®ArcTan|

Problem 224: Result more than twice size of optimal antiderivative.

(e+fx)’sin[c+dx]?
J dx

a+bSin[c+dx]
Optimal (type 4, 643 leaves, 19 steps):
a(e+fx)4 62 (e+fx) Cos[c+dx]
- +
4p2f b d?

ibel (c+dx)

) a-4/ a’-b?

- +

bd b2\/a?-b? d

ia? (e+Fx)3Log[1—M} 3a2f (e+fx)?Polylog[2, *°¢

a+/ a?-b? a-/a*-b?

- +
b2+/a? - b2 d b2 /aZ - b? d?

3a2f (e+fx)?Polylog|2, M] 61ia’f? (e+fx) Polylog|3, M}

a+y/ a’-b? a-+/ a’-b?

- +

b2+/a? - b2 d? b2a? - b? d?

61ia2f? (e+fx) Polylog|3, *2—— e | 6a?f>PolyLog|4, 12— 0

a+/ a?-b? a-+/ a?-b?
b24/a2_b2 d3 b24/a2_b2 d4

i(c+dx)

i a2 fx)3Log[1
(e+fx)’Cos[c+dx] ia? e+ fx)” Log

i(c+dx)

6 a> 3 PolylLog [4, ibet &9 , .
aifa2-b? 6f3Sin[c+dx] 3f(e+fx)*Sin[c+dx]
- +

b2+/aZ-b? d* b d* b d?
Result (type 4, 1590 leaves):

—ad*x (4e3+6e2fx+4ef2x2+f3x3) -

4 b2 d*
4bd (e+fx) (—6f2+d2 (e+fx)2) Cos[c+dx] + !
v/ a? - b? \/ -b?) (Cos[c] +iSin[c])?
b (Cos[2 d 1 Sin[2 d
4ia’|3ia’-b? d®e*fxlog[l+ (Cos{2c+dx) +isin{2c+dx)) ]
iaCos| +\/ 24+b?) (Cos|c 1+1‘1$in[c])2 —asin[c]
(Cos[c] +isSin[c]) +3ia®-b®> def’x?
b (Cos[2c+dx] +iSin[2c+dx])
Log[1+ ](Cos[c]+1’1$in[c])+
iaCos| +\/ a2+ b?) (Cos|c }+1‘1$in[c])2 ~asin[c]
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j\/ﬁd3f3x3Log[1+ b(COS[2C+dX]+]iSin[2C+dX]) ]
iaCos[c] +\/(—a2+b2) (Cos[c] +JiSin[c])2 —asSin[c]

(Cos[c] +iSin[c]) +3+/a?-b? d*f (e+fx)?

b (Cos[2c+dx] +iSin[2c+dx])

]

PolyLog[Z, -

iacCos[c] +\/(7a2+b2) (Cos[c] +iSin[c])® -asin(c]

(Cos[c] +iSin[c]) -3+ a®-b* d*f (e+-Fx)2PolyLog[2,

b (Cos[2c+dx] +iSin[2c+dx])

| (Cosfc] +isSinfc]) +

-iacCos[c] +\/ (-a2+b?) (Cos[c] +isSin[c])?

b (Cos[2c+d i Sin[2c +d
6 /a2 b defPpolylog[3, - (Cos[2zc+dx) ~isin[2c-dx]) |
iacCos[c] +\/(—a2+b2) (Cos[c] +iSin[c])? -asin(c]

(Cosfc] +isSinf[c]) +6i+/a®-b? df®xPolylog|3,

b (Cos[2c+dx] +iSin[2c+dx])

+aSin[c]

] (Cos[c] +isin[c]) -

iacCos[c] +\/ (-a2+b?) (Cos[c] +iSin[c])?

GmPPolyLogH,— b (Cos[2c+dx] +iSin[2c+dx]) ]
iacCos[c] +\/(—a2+b2) (Cosc] +Jisin[c])2 —asin[c]

(Cos[c] +isSin[c]) +6+/a*-b®> > PolylLog|4,

b (Cos[2c+dx] +iSin[2c+dx])

-aSinj[c]

| (Cos[c] +isSinfc]) -

-i1acCos[c] +\/ (-a%+b?) (Cos[c] +J'LSin[c])2 +asSin[c]

bCos[c+dx] +i (a+bSin[c+dx])
3+/a?-b® d®e? fxLog|1l- (b (Cos[2c+dx] +jSin[2c+dx}))/

2

21 d? e’ ArcTan| ]\/— (a*-b?) (Cos[c] +JiSin[c])2 +

(—JiaCos[c] +\/ (-a*+b?) (Cos[c] +1iSin[c])

3./a?-b* d®ef?x?Log[1- (b (Cos[2c+dx] +Jisin[2c+dx]))/

(—jaCos[c] +\/(—a2+b2) (Cosc] +JlSin[c])2 +aSin[c})} (-1iCos[c] +Sin[c]) +

\/a*-b* d&® 3 x* Log[1- (b (Cos[2c+dx] +jsin[2c+dx}>)/

(dlaCos[c] +\/ (-a?+b?) (Cos[c] +iSin[c])? +aSin[c])} (-iCos[c] +Sin[c]) +

b (C 2 d 1 Sin[2 d
6-/a? b2 defPolylog|3, (Cos[2c+dx] +isin[2c+dx]) ]
-i1acCos[c] +x/(fa2+b2) (Cos[c] +jSin[c])2 +asSin[c]

+aSin[c})} (-iCos[c] +Sin[c]) +

—

-iCos[c] +Sin[c]) +

b (C 2 d 1 Sin[2 d
6+/a? - b? d* xPolylog|3, (Cos{2c+dx] +isin(2c+dx]) ]
-1acCos[c] +x/(7a2+b2) (Cosc] +jSin[c])2 +asSin[c]
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(~iCos[c] +Sin[c])| +12bf (72f2+d2 <e+‘FX)2) Sinfc+dx]

Problem 228: Result more than twice size of optimal antiderivative.

(e+fx)*sin[c+dx]?
J dx

a+bSin[c+dx]

Optimal (type 4, 802 leaves, 24 steps):

3ef2x 3f3x2 az(e+fx)4 (e+fx>4 6af?(e+fx) Cos[c+dx]
_ . N _

+

 4bd>  8bd 4abdf 8bf b2 o3
3 i@ (e+fx)’Log[1- <] iad(e+fx)’Log[1- e
a(e+fx)’Cosfc+dx] ad o Wy
’ B +
b*d b*+a?-b? d b3 /a2 _b? d

3a%f (e+fx)?Polylog|2, M] 323 f (e+fx)?Polylog|2, ibello

a-+/a’-b? a+y/ a?-b?

- +

b3ﬂ/a27b2 dz b3*’a2—b2 d2

6ia®f? (e+fx) Polylog|3, M] 61ia’f? (e+fx) Polylog|3, ibe 90

a-+/ a?-b? a++/ a?-b?
b’+va?-b? d? b®+a? - b? d?

6a*f3 Polylog[4, *P— o) | 6a®f*PolyLog[a, " bet (o) ]

a-/a-b? a+/ a?-b? 6af3Sin[c+dx]

+ + -

b>~/a2 - b2 d* b® /a2 - b% d* b2 d*
3af (e+-Fx)ZSin[c+dx} 3f2 (e+fx) Cos[c+dx]Sin[c+dx]
b2 d2 ' abd? )
(e+-Fx)3Cos[c+dx]Sin[c+dx] 3f3Sinfc+dx]2 3f(e+-Fx)ZSin[c+dx}2
2bd i 8b d* ' 4bd?

Result (type 4, 1851 leaves):

13 6 (2a*+b%) e x+24 (2a%+b?) e®fx*+16 (2a° +b?) e F° +
32b
1
4 (2a%+b%) £ x* - 32ia°
\/ a? - b2 d4\/<—a2+b2> (Cos[2c] +isSin[2c])
Bjmd3e2foog[1+ b<COS[2C+dX]+JiSin[2c+dX]> ]

iaCos[c] +\/(—a2+b2) (Cos[c] +JiSin[c])2 ~asin[c]

(Cos[c] +isSin[c]) +3ia’-b*> d®ef’x?

b (Cos[2c+dx] +iSin[2c+dx])

Log|[1+ | (Cosfc] +iSin[c]) +

iacCos| +\/ 24+ b2) (Cos[c] +1iSin[c])? -asSin[c]
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j\/ﬁd3f3x3Log[1+ b(COS[2C+dX]+]iSin[2C+dX]) ]
iaCos[c] +\/(—a2+b2) (Cos[c] +JiSin[c])2 —asSin[c]

(Cos[c] +iSin[c]) +3+/a?-b? d*f (e+fx)?

b (Cos[2c+dx] +iSin[2c+dx])

PolyLog[Z, -

]

iacCos[c] +\/(7a2+b2) (Cos[c] +iSin[c])® -asin(c]

(Cos[c] +iSin[c]) -3+ a®-b* d*f (e+-Fx)2PolyLog[2,

b (Cos[2c+dx] +iSin[2c+dx])

| (Cosfc] +isSinfc]) +

-iacCos[c] +\/ (-a2+b?) (Cos[c] +isSin[c])?

b (Cos[2c+d i Sin[2c +d
6 /a2 b defPpolylog[3, - (Cos[2zc+dx) ~isin[2c-dx]) |
iacCos[c] +\/<—a2+b2) (Cos[c] +iSin[c])? -asin(c]

(Cosfc] +isSinf[c]) +6i+/a®-b? df®xPolylog|3,
b (Cos[2c+dx] +iSin[2c+dx])

+aSin[c]

] (Cos[c] +isin[c]) -

iacCos[c] +\/ (-a2+b?) (Cos[c] +iSin[c])?

GﬁPPolyLogH,— b (Cos[2c+dx] +iSin[2c+dx]) ]
iacCos[c] +\/(—a2+b2) (Cosc] +Jisin[c])2 —asin[c]

(Cos[c] +isSin[c]) +6+/a*-b®> > PolylLog|4,

b (Cos[2c+dx] +iSin[2c+dx])

-aSinj[c]

| (Cos[c] +isSinfc]) +

~iaCos[c] ./ (-a2+b?) (Cos[c] +iSinc])? +asSin[c]
3Wd3e2fxmg[1-(b(cOs[zc+dx]+j$in[zc+dx1))/
(ﬂiaCos[c] ++/ (~a2+b?) (Cos[c] +isinfc])? +a51n[c1)} (~iCos[c] +Sin[c]) +
3ﬁd3efzszog[l—(b (Cos[2c+dx]+JiSin[2c+dx]))/
[—J’laCos[c] ++f(-a?+b?) (Cos[c] +isSinfc])? +a$in[c1)} (-icCos[c] +Sinfc]) +

\/a*-b* d® 3 x? Log[1- (b (Cos[2c+dx] +iSin[2c+dx}>)/

[—JiaCos[c] +\/ (-a®+b*) (Cos[c] +J'LSin[c])2 +aSin[c1)} (-1iCos[c] +Sin[c]) +

b (Cos[2c +d i Sin[2c +d
6\/mdew‘:zPolyLogb, (Cos2c+dx] +isinf2c+dx]) ]
-iacCos[c] +\/(—a2+b2) (Cos[c] +iSin[c])? +asSin(c]

—

-iCos[c] +Sin[c]) +

b (C 2 d 1 Si 2 d
6-/a? - b? d xPolylog|3, (Cos[2c+dx] +isinf2c+dx]) |
-1acCos[c] +\/(—a2+b2) (Cos[c} +JiSin[c])2 +asin[c]

]

bCos[c+dx] +i (a+bSin[c+dx])

q/az_bz

—

i Cos[c] +Sin[c]) -21d®e®ArcTan|
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\/ (-a®+b*) (Cos[2c] +iSin[2c]) |+

Z16ab (61 -6df (e+fx)-3id f (e+fx)?+d® (e+Fx)’)
d4

1
(Cos[c+dx] -iSin[c+dx])+ —16
d4

1
Cos[c+dx] +iSin[c+dx])+ —
d4

b? (3£ +6idf (e+fx)-6d>f (e+fx)?-4id® (e+fx)’)

a
b
(-6if -6df (e+fx)+3id*f (e+fx)?+d’ (e+Fx)’)
(

(Cos[2 (c+dx)]-isSin[2 (c+dx)])+—

b2 (3f3—611d1°2 <e+fx) —6d2-F<e+fx)2+4Jid3 (e+-Fx)3)

(Cos[2 (c+dx) ]| +iSin[2 (c+dx)])

Problem 232: Result more than twice size of optimal antiderivative.

(e+-Fx>3Csc[c+dx]
J dx

a+bSin[c+dx]

Optimal (type 4, 732 leaves, 22 steps):
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i b (e+fx)? Log[1- bl
2 (e+fx)>ArcTanh[e! (¢ | ibfefx)” Log| aat bt

— + —

ad avaz-p2 d

b lesfx)? Log|1. ibetle®
ib (e+fx)’ Log| /7ot © 3if (e+fx)?PolyLog|2, —e! (c+dx ]

+ —

ava?-b% d ad?

3bf (e+fx)?Polylog[2, 12¢

i

31 f (e +f x) 2 PolyLog[Z, el (c+dx) }
N _

ad? aVvaZ-b? d?

i (cedx)

i(c+dx)

3bf fx)2PolyLog |2, tbe"
(e+ X) oly og[ ) aﬂ/ﬁ 6 £2 (e+-Fx) PolyLog[B, _ei(c+dx)]

avaZ-b? d? ad?

6ibf2 (e+fx) Polylog|3, ioe ™
6 f2 (e + f x) Polylog|[3, e' (<4 | : (e + x) PolyLog 3, afar b7

+ _
ad? avaZl-b? 43

(c+dx)

6ibf2 (e+fx) Polylog[3, ‘2e =™
ibf? (e+fx) Polylog3, afait = 61 Polylog[4, —e' (4% ]

aa%-b? d3 ad*

. 6b > Polylog[4, *2<“""] b fPolylog[4, ®
6 i f> PolyLog[4, e! (¢+dX | yiog| a—\/ﬁ] yLog[4, ai/a?-b?

- +

ad* avaZz-b? d* ava?-b? d*

Result (type 4, 2186 leaves):
1 . ) )
— (72d3 e* ArcTanh|e* (9% | +3d%e? fx Log[1-e! (9% | +3d>efx? Log[1-e' (9] &
ad
d® £ x3 Log[1-e (@9 ] -3d*e* fxlog[l+e’ (“¥]| -3d>ef2x?Log[1l+e (90 ] -
d> £ % Log[1+e! (9] 4+ 33 d*f (e +fx)2 PolyLog[2, -e' (<40 ] -
31d?f (e+fx)*Polylog[2, ' (“*4¥ ]| -6def?Polylog[3, -’ (4% ] -
6d > x PolylLog[3, -e* (<*99 | + 6d e f2PolyLog|3, e (4% ] +
6df>xPolyLog[3, e (“9¥ | -6 i f*PolyLog|4, -e (9% | + 6 i f> PolyLog[4, e’ (<9¥ | ) +

+

+

el (c+dx)

1 [Jla+b(e“°*dx)

aVal-b? d*./- (a2-b?)2etic Val b2
: i (2c+dx)
3]1\/Hd3ezeﬁc\/(_a2+b2) erc 'FXLOg{l— ibe crdx }+

ae]‘lC7 (a27b2) ezﬁc

b

-2d° e3J— (az—bz)ze“c ArcTan

ib (eil (2 c+d x)

i+/a? - b? d3e“x/(—a2+b2) e?t¢ £33 Log|1- | -

aeic7 (aszz) e2i1c

i i (2c+dX)
31\/ﬁd3ezeﬁc\/(_az+bz) @< fxlogll- ibet (2c+dx |-

aelcy (az_bz) elic
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5 i (2c+dx)
i\/HdE'e“\/(—aerbz) e2ic £33 Log[l— ibe X }_

aeic+ (aszz) ezic

b (EJ'L (2 c+dx)

3 /a’-b* dee’ ./ (a®-b?) e*'C 2 x* Log[1+ |+

I'Lae“—\/(—aZerz) e?tc

b (ejL (2 c+d x)

3 /a’-b* dee’“/(a®-b?) e*'C x> Log[1+ |+

jae“+\/(—a2+b2) e?tc

3+/a%?-b? d? e“\/ (-a?+b?) e2i f (e + f2x?) Polylog|2,

ib e]’l (2 c+d x)

aelc_ (az_b2> elic

ib e]‘l (2 c+d x)

3+/a?-b? d? e“\/ (-a?+b?) e2i f (e + f2x?) PolyLog|2,

aeic+ <a2_b2> eZic

2 c+d x)

. i
61/alb? decic.[(a_b%) €11¢ £ xPolyLog|2, Loe |-

aeic+j\/(fa2+b2) e2ic

b e]i (2 c+dx)

6i+/a*-b”> d?ee’“/(a®-b?) e**¢ f2xPolylog|2, - |+

laeic+\/(—az+b2) e?ic

i i (2c+dXx)
SjﬁdeiC\/(_aerbz) e”c 'FBXPOlyLog[?,, 1b el (2¢+dX }_

aelc- (az_b2> elic

T 1 (2c+dx)
61\/ﬁde“\/(—a2+b2) e?¢ f3xPolylog|3, ibe T ] -

aelcy (az_b2> elic

T 1 (2c+dx)
G\WdeechfzpolyLogb, ib et (2¢+dx B

ae“+i\/(—a2+b2) e?ic

b e]i (2 c+d x)

6+ a’-b”> dee’“/(a®-b?) e?'¢ fZPolyLog[B,—' ] -

naeic+\/(—a2+b2) e?ic

5 1 (2c+dXx)
Gﬁejc\/(_a2+b2) eZ]’lc f3P01yLog[4, ibe c+dx ]+

ae]’lc7 (asz2> eZJic

5 1 (2c+dXx)
GWQﬂC\/(_aZ+b2) e2ic f3P01yLog[4, ib el (2c+dx ]

ae]iC+ (asz2> e2j1c

Problem 236: Result more than twice size of optimal antiderivative.

(e+-Fx)3Csc[c+dx]2
J dx

a+bSin[c+dx]

Optimal (type 4, 882 leaves, 29 steps):

] -

|+
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i (e+fx)3 2b (e+fx)3Ar‘cTanh[ej‘(c*dx>} (e+fx)3Cot[c+dx}
_ + _ _

ad azd ad

ib? (e+fx)’ Log[1- 7“’@”0”"} ib? (e+fx)’ Log[1- ibel(edx)

a-+/a’-b? a++/ a’-b?

+ +
a2+a2-b2 d a2+/a2-b? d
3f (e+fx)?Log[1-e2i(<d0] 3ibf (e+fx)?Polylog[2, -’ (c+dx]
- +
ad? a2 d?

ibel (c+dx)

3ibf (e+ -Fx)2 PolyLog[2, e (¢+dX) ] N e
- +

a? d? a2+/a2 - b2 g2

i(e+dx)

3b2f (e+fx)?Polylog|2,

3b2 f fx)2PolyLog[2, tbe"%
(e+ X) oly og[ > s 34 2 (e+'Fx) PolyLog[Z, ezj(c+dx)]

+

a2+/a2 b2 d2 ad?
6b 2 (e+fx) Polylog[3, -e! (<*4% ]  6bf? (e+fx) Polylog|3, el (<dX]
a2 d3 - a2 d3 -
b et (c+dx) ibei(udx)

61 b?f2 (e +fx) PolylLog[3, * 6 i b2 f2 (e + fx) PolylLog|3,

a-+/ a?-b? a++/ a%-b?

+ +
22 a7 & 2 VT &
33 PolyLog[3, e?! (¢*4) ] 61 bf>Polylog|4, -e! (¢+dX) |
+ _
2a d4 a2 d4
| 6b? £ Polylog[4, 2 L] b2 £ polylog[a, 12"
61 b Polylog[4, e (4% ] yLog[d, yLogld, -
+ —
a2 d4 a2+/a2-b? d* a2+/a2 _b? ¢

Result (type 4, 2452 leaves):
be3Log[Tan[%(c+dx)H 1

ad a2 d?
bt (erax) [Log[a-et 90| ~togar et ©90]) —cog[ran( [c-ax]]]
2
i ; 1
i (PolylLog|2, - i(c+dx) ] _ polyLo 2, i (c+dx) _
i (PolyLog| € ] ylog[2, e 1) 4 ad*

ecfCsclc] (2d°x® (2de®* x+3i (-1+e>i¢) Log[1-e®" (<X ]) 4
1

azd3

(d*> x> ArcTanh [Cos[c+dx] + i Sin[c+dx]] - i dxPolylog[2, ~Cos[c+dx] -iSin[c+dx]] +
idxPolylLog[2, Cos[c+dx] +1Sin[c+dx]] +
PolylLog[3, -Cos[c+dx] -1Sin[c+dx]] -PolylLog[3, Cos[c +dX] +JiSin[c+dx}]) -

6d (-1+e?'¢) xPolylog[2, e (“9¥ ] +3i (-1+e?* ) PolyLog[3, e*! (4¥ ]} &

1

a2 d*

b (-2d*x?ArcTanh[Cos[c+dx] +1iSin[c+dx]] +3id>x*Polylog[2,

-Cos[c+dx] -1Sin[c+dx]] -31d?>x?PolylLog[2, Cos[c+dx] +1Sin[c+dx]] -6dx

| 57

6bef?

PolylLog[3, -Cos[c+dx] —-1Sin[c+dx]] +6dxPolyLog[3, Cos[c+dXx] +1Sin[c+dx]] -
6 1 Polylog[4, -Cos[c+dXx] -1 Sin[c+dx]] +61PolyLog[4, Cos[c +dX] +jSin[c+dx]}> +
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Problem 247: Result more than twice size of optimal antiderivative.
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Optimal (type 4, 1512leaves, 36 steps):
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Problem 250: Result more than twice size of optimal antiderivative.
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Csc|

c]

(3ab*de’Cos[c] +9ab*de’fxCos[c] +
9ab?def?x?Cos[c] +
3ab%df3x3Cos[c] -
3ale?fSinfc] +
3ab?e?fSin[c] -
6alef’xSinfc] +
6ab’ef’xSin[c] -
3a3f3x?sin[c] +
3ab2f3x2sinjc] +
a’bde3sin[dx] +
2b*de3sin[dx] +
3a’bde? fxSin[dx] +
6b3de?fxSin[dx] +
3a’bdef?x?Sin[dx] +
6b3def?x?Sin[dx] +
a’bdf3>x®>sin[dx] +
2b%d 2 sin[dx])

Problem 253: Result more than twice size of optimal antiderivative.

(e+fx) Cos[c+dx]
J dx

a+asSin[c+dx]
Optimal (type 4, 79leaves, 4 steps):
i(e+fx)? 2 (e+fx)Log[l-iel (¥ ] 2ifPolylog|2, ie! (<dX]
_ + _
2af ad ad?

Result (type 4, 246 leaves):
1
2 ad?

i fricfrn-2icdfx+idfax-id?fx?+4frlog[l+e (9] +acfLlog[l-ie (“9¥]

2frlog[l-ie' (9] +4dfxLlog[l-ie! (<] -4frLog[Cos[~ (c+dx)]]+

N |

4delog[Cos[= (c+dx)|+Sin[= (c+dx) ]| -4cflog[Cos[= (c+dx)]|+Sin[= (c+dx]]]-

N |
N |

1
2
]

2frlog[Sin[~ (2c+n+2dx)]|]| -41ifPolylog[2, ie* (<X

RN R

Problem 269: Result more than twice size of optimal antiderivative.

(e+Fx)’sec[c+dx]
J dx

a+aSin[c+dx]

Optimal (type 4, 502 leaves, 22 steps):
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3if (e+-Fx)2 61 f2 (e+Fx) Ar‘cTan[‘ejl “*dx)} i <e+-Fx)3Ar‘cTan[efl (crdx)
- - - +

2ad? ad3 ad
3f2 (e+fX) Log[1 + e (c+dx) ] X 3i 3 Polylog[2, -i et (¢+dX) ] .
ad? ad*
3if (e+fx)?Polylog[2, -ie! (<4 ] 3if>Polylog[2, ie! (€4 |
2 ad? ) ad* )
3if (e+fx)?Polylog[2, ie! (¢*d¥] 3if3polylog[2, -2 (c+dx |
2ad? ) 2ad* )
3 f2 (e+-Fx) PolyLog[3, -1 et <C*dx>] 3 2 (e+-Fx) PolyLog[3, iet “*dx)]
ad? : ads )
31 f3Polylog(4, -ie (<99 ] 3ifPolylog[4, ie (49| 3f (e+fx)?Sec(c+dx]
ad* ' ad* ) 2 ad? )
(e+-Fx)3Sec[c+dx]2 . 3f (e+fx>2Tan[c+dx] . (e+-Fx)3Sec[c+dx1 Tan[c +dx]
2ad 2 ad? 2ad

Result (type 4, 1578 leaves):
x (4e*+6e?fx+4ef?x?+fx3) 1

8a [Cos[<] ~sin[¢]] [cos[<] +sin[¢]] 2@ (Coslc]+i (-1+Sin(c]))

(Cos[c] +1iSin[c])

3 1 e3Log[l+1iCos[c+dx]-Sin[c+dXx
(iEBx_jez‘cxziefZﬁ—if3x4+ gllricCos[crdx] [crdx]] |

2 4 d
3e2fxlog[l+iCos[c+dx]-Sin[c+dx]] 3ef’x?Log[l+iCos[c+dx]-Sin[c+dx]]
d " d "
f3x3log[l+iCos[c+dx] -Sin[c+dx]] 61if3PolyLog[4, -iCos[c+dx] +Sin[c+dx]]
d ' d*
ie’log[l+iCos[c+dx]-Sin[c+dx]] (Cos[c]-iSin[c]) 1

d d

1
3ie’fxlog[l+iCos[c+dx]-Sin[c+dx]] (Cos[c] -1iSin[c]) -

1
3ief>x’Log[l+iCos[c+dx]-Sin[c+dx]] (Cos[c]-iSin[c])- =
d

1
i £’ Log[1+1iCos[c+dx]-Sin[c+dx]] (Cos[c] -iSin[c]) + —~

d
6 > Polylog[4, -i Cos[c+dx] +Sin[c+dx]] (Cos[c] -iSin[c]) +
1
f36-F2 (e+fx) PolylLog([3, -i Cos[c+dx] +Sin[c+dx]]
d

(Cosfc] +i (-1+Sin[c])) (Cos[c] -iSin[c]) +d1—231c (e+Fx)?

Polylog([2, -iCos[c+dx] +Sin[c+dx]] (Cos[c] -iSin[c]) (-1-iCos[c]+Sin[c]) |-

1
2ad? (Cos[c] +i (1+Sin[c]))

(Cos[c] +iSin[c])
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3 1
id?e3x+12iefPx+—id?e?Ffx?+61fFx2+id?efPx®+ —i1d?Fx*+
2 4
3 . 12ief?ArcTan[Cos[c+dx] +1Sin[c+dx]]
1de’ArcTan[Cos[c+dx] +1Sin[c+dx]] + -
d
5 . . 12f3xLog[l-iCos[c+dx] +Sin[c+dx]]
3de“fxLog[l-1iCos[c+dx] +Sin[c+dx]] - -
d

3def?x?Llog[l-1Cos[c+dx] +Sin[c+dx]] -df>x®Log[1-1Cos[c+dx] +Sin[c+dx]] -

%de3L0g[1+C°5[2 (e+dx)]+isin[2 (crdx)]]-

6ef2log[1+Cos[2 (c+dx)]|+iSin[2 (c+dx)]]
d
61 f3 PolylLog[4, 1 Cos[c+dx] -Sin[c+dx]] B
d2

de’ArcTan[Cos[c+dx] +iSin[c+dx]] (Cos[c] -iSin[c]) - =
d
12ef?ArcTan[Cos[c+dx] +iSin[c+dx]] (Cos[c] -iSin[c]) -
3ide’fxLlog[l-iCos[c+dx]+Sin[c+dx]] (Cos[c]-iSin[c]) -
1

3121F3xLog[1—jCos[c+dx}+Sin[c+dx}] (Cosfc] -isSin[c]) -

3idef?x’Log[l-iCos[c+dx]+Sin[c+dx]] (Cos[c]-1iSin[c]) -
idfx>Log[l-iCos[c+dx]+Sin[c+dx]] (Cos[c] -1iSin[c]) -

lJide3Log[1+Cos[2 (c+dx)]+isin[2 (c+dx)]] (Cos[c]-isSin[c]) -
2

361’1ef2L0g[1+Cos[2<c+dx)] +1Sin[2 (c+dx)]] (Cos[c] -iSin[c]) +
%61‘3 Polylog[4, i Cos[c+dx] -Sin[c+dx]] (Cos[c] -iSin[c]) -

d

1
—6f* (e +fx) Polylog[3, i Cos[c+dx] -Sin[c+dx]]
d

1
.=

(Cos[c] -iSin[c]) (Cos[c] +i (1+Sin[c])) g

3F (424 d? (e+Fx)?|

Polylog[2, i Cos[c+dx] -Sin[c+dx]] (iCos[c]+Sin[c]) (Cos[c] +1i (1+Sin[c]))} -

(e+fx)? 3(eZFSin[d7x]+2ef2xSin[%]+f3x2$in{d7)‘”
d

2ad (Cos[ +d7"])2 ' ad? (Cos[i] +Sin[§” (Cos[§+7"] +Sin[§+dx])

Problem 270: Result more than twice size of optimal antiderivative.

(e+fx)25ec[c+dx]
J dx

a+asSin[c+dx]

Optimal (type 4, 278 leaves, 13 steps):
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i (e + -Fx) 2 ArcTan [ei (crdx) ]
+

f2 ArcTanh[Sin[c+dx]] f2Llog[Cos[c+dx]]
+

+

ad ad? ad?
if (e+fx)Polylog|2, -ie! (9] if (e+fx) Polylog[2, ie' (<4 ]
ad? ) ad? )
f2Polylog|3, -ie! (<*9¥ | f2Polylog(3, ie! (¥ | f (e+fx)Sec[c+dx]
ad? : ad? ) ad? )
(e+fx)*sec[c+dx]? f(e+fx)Tan[c+dx] (e+fx)*Sec[c+dx]Tan[c+dXx]
2ad : ad? ' 2ad
Result (type 4, 811 leaves):
X (3e?+3efx+f2x?) 1
6a (Cos[i] —Sin[ﬂ) (Cos[i] +Sin[§]) “ead

(3d2 (e+-Fx)2Log[1+jCos[c+dx] -Sin[c+dx]]+6idf (e+fx)

Polylog[2, -iCos[c+dx] +Sin[c+dx]] -6 f2PolylLog[3, -1 Cos[c+dx] +Sin[c+dx]] +

id®x (3e?+3efx+f2x?) (Cos[c]+iSin[c]) 1

C2ad? (Cos[c] +1i (1+Sin[c]))

Cos[c] +1i (-1+Sin[c])

1
(Cosf[c] +isSin[c]) |id*e*x+4if>x+d>efx®Cos[c]+—d*f*x> (Cos[c] -iSin[c]) -
3
id>efx*Sin[c] + (d*e®*+4f*) x (Cos[c] -iSin[c]) (1-1iCos[c]+Sin[c]) +

1
—de* (2dx+2ArcTan[Cos[c+dx] +iSin[c+dx]] +
2

ilog[1+Cos|[2 (c+dx)|+iSin[2 (c+dx)]|]) (iCos[c]+Sin[c])
(Cos[c] +i (1+Sin[c])) +32f2 (2dx+2ArcTan[Cos[c+dx] +iSin[c+dx]] +

ilog[1+Cos|[2 (c+dx)|+iSin[2 (c+dx)]|]) (iCos[c] +Sin[c])
(Cosfc] +i (1+Sinf[c])) +ef (dx (dx+2ilog[l-iCos[c+dx]+Sin[c+dx]])+
2Polylog[2, i Cos[c+dx] -Sin[c+dx]])
(i Cos[c] +Sin[c]) (Cos[c] +i (1+Sin[c])) +id
3
f2 (d*x* (dx+31ilog[l-iCos[c+dx]+Sin[c+dx]])+6dXx

Polylog[2, i Cos[c+dXx] -Sin[c+dx]] +6 1 PolylLog[3, i Cos|[c +dX] 7Sin[c+dx]}>
(e+fx>2

] +sin[€ s ex])?

(i Cos[c] +Sin[c]) (Cos[c] +1i (1+Sin[c]))] -

+
dx

2ad(Cos[ "y

C
-+
2

2

ad? (Cos[ﬂ +Sin[§]) (Cos[i dx] +Sin[§+dx})

2 (efsin[dx] +F2xSin[dX”

Problem 271: Result more than twice size of optimal antiderivative.

(e+fx) Sec[c+dx]
j dx

a+aSin[c+dx]
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Optimal (type 4, 172leaves, 10 steps):
i(e+fx) ArcTan[e! (¢*4%) ] j fPolylog[2, -ie (<*9 ] i fPolylog[2, ie! (¢+dX)]
_ N _

ad 2 ad? 2ad?
fsec[c+dx] (e+fx)Sec[c+dx]? fTan[c+dx] (e+fx)Sec[c+dx]Tan[c+dx]
- + +
2ad? 2ad 2ad? 2ad

Result (type 4, 655leaves):
1
4ad? (1+Sin[c+dx])

2d(e+fx)—4fsin[§(c+dx)} (Cos[i(c+dx)]+sin[§(c+dx” -
Cos[%(c+dx>]+sin[§(c+dx)] 2+

(c+dx)”)

(c+dx) (cf-d(2e+Ffx))

de

c+dx+2Log[Cos[l (c+dx)]-sin]
2

N |

(Cos[% (c+dx)] +Sin[§ (c+dxH)2—c-F
(c+dx+2Log[Cos[l(c+dx”75in[§ 2+

A c+dx)]]](Cos[l(c+dx)]+sin[l(c+dx”

2 2

de

c+dx—2Log[Cos[l (c+dx) ] +sin]
2

(Cos[% (c+dx)] +Sin[§ (c+dxH)2—c-F
COS[1 (C+dx)] +Sin[l (C+dXH 2+

(c+dx72Log[Cos[§(c+dx”+sin[1(c+dx)]]] 5 5

2

Lf ((1)3/4 (c+dx)2+ (3]’171 (cedx) +4rLlog[lee® €90 ] -2 (-2¢c+n-2dx)
V2 V2
Log[1+i e (19X ] —47TLog[Cos[1 (c+dx)]] +271Log[sin[l (2c-r+2dx)]] -
2 4

Cos[% (c+dx)] +Sin[§ (crdx)] .

41 Polylog|2, -i e’ (4% ] ]

V2

! [—iﬂ<c+dx) ~4rlog[l+e (9] -2 (2c+m+2dx)

f[(_l)m (c+dx)2+\/?

Log[1-ie! (¢dx)] +47TLog{Cos[1 (c+dx)]]+2rLog[sin|

5 (2C+7T+2dX)H+

2]

Problem 272: Result more than twice size of optimal antiderivative.

N

Cos[1 (c+dx)] JrSin[1 (c+dx)]

4iPolylog[2, ie! (<4%] ]
2 2

J Sec[c +dx] dx

a+aSin[c+dx]

Optimal (type 3, 37 leaves, 4 steps):
ArcTanh[Sin[c +d x]] 1

2ad 2d (a+asin[c+dx])
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Result (type 3, 126 leaves):

(crdx)] +Sin[§ (cedx)]]+

N R NP

(c+dx)] —Sin[l (c+dx)]] +Log[Cos|

A (c+dx)]+$in[%(c+dx)]]

Sin[c+dx])/ (2ad (1+Sin[c+dx]))

Problem 275: Result more than twice size of optimal antiderivative.

(e+fx)>sec(c+dx]?
J dx

a+asSin[c+dx]

Optimal (type 4, 475 leaves, 20 steps):

2i (e+fx)? if(e+fx)?ArcTan[el (4% ]

+

3ad ad?
£3 ArcTanh[Sin[c+dx]] 2f (e+fx)?Log[1+e2® (4] £ |og[Cos[c+dx]]
ad* : ad? : ad* ’
i f2 (e+-Fx) PolyLog[Z, -1 et (C*dx)] i f2 (e+-Fx) PolyLog[Z, iet “*dx)]
ad? ) ad? )
2if2 (e+fx) Polylog|2, -e2® (¢+dX) ] ) 3 Polylog|[3, - i e (¢+dx) ] X 3 Polylog|3, i et (¢+4%) ] X
ad? ad* ad*
3 Polylog|3, -e2® (<49 ] £2 (e+fx) Sec[c+dx] -Ic(e+-Fx>2Sec[c+dx]2
ad* ) ad? ) 2ad? )
(e+fx)’sec[c+dx]® f2(e+fx)Tan[c+dx] 2 (e+fx)>Tan[c+dx]
3ad : ad? : 3ad ’
f (e+fx)25ec[c+dx] Tan[c +dx] (e+fx)3Sec[c+dx}2Tan[c+dx]
2ad? : 3ad

Result (type 4, 1253 leaves):
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1
f|3d* (e+fx)?Log[1+iCos[c+dx]-Sin[c+dx]] -
2ad?

61idf (e+fx)Polylog[2, -iCos[c+dx] +Sin[c+dx]] +6f>
d>x (3e?+3efx+f2x?) (-iCos[c] +Sin[c])
PolylLog([3, -1 Cos[c+dXx] +Sin[c+dx]] + -
Cos[c] +1i (-1+Sin[c])

1
2ad® (Cos[c] +i (1+Sin[c]))

5
5id’e’x+4if>x+5d*efx*Cos[c]+=d*f>x* (Cos[c] -iSin[c])-5id*efx*Sin[c] +
3

(5d*e*+4 %) x (Cos[c] -iSin[c]) (1-1iCos[c]+Sin[c]) +Ede2 (2dx+
2

2ArcTan[Cos[c+dx] +1Sin[c+dx]] +iLlog[l+Cos[2 (c+dx)]+1iSin[2 (c+dx)]])

f (Cos[c] +iSin[c])

(i Cos[c] +Sin[c]) (Cos[c] +i (1+Sin[c])) +§2f2 (2dx+

2ArcTan[Cos[c+dx] +1Sin[c+dx]] +iLlog[l+Cos[2 (c+dx)]|+iSin[2 (c+dx)]])

(i Cos[c] +Sin[c]) (Cos[c] +i (1+Sin[c])) +
S5ef (dx (dx+2ilog[l-iCos[c+dx]+Sin[c+dx]])+2Polylog[2,
iCos[c+dx] -Sin[c+dx]]) (iCos[c] +Sin[c]) (Cos[c] +i (1+Sin[c])) +

1 .
—5F2 (d*x* (dx+3ilog[l-iCos[c+dx]+Sin[c+dx]])+6dx

3d
PolyLog[Z,jCos[c+dx}—Sin[c+dx]}+61‘1PolyLog[3,jCos[c+dx1—Sin[c+dx]}>
(i Cos[c] +Sin[c]) (Cos[c] +i (1+Sin[c])) |+
e3Sin[dX]+3e2fx51n[d—x}+3ef2x251n[ X+ 2 x3sin[ 9X]
2 2 2 2 N
2ad (Cos | -sin| i ) (Cos TX —Sin[§+d7x})
e351n[d—]+3ezfx51n[d—x}+3ef2x251n[d—}+1‘3x351n[d—]
2 2 2 2 4
3ad (Cos | +sin| i” (Cos i 7" +Sin[§+d7x])3
(—de3Cos[c] ~3¢? fCos[ | -3de? fxCos[c] -
2 2 2
6ef2xCos[£]—3def2x2Cos[£}—3f3x2Cos{£]—df3x3Cos[£}+
2 2 2 2
de*sin[ <] -3e?fsin[ "] +3de? fxSin|[ | -6efixSin[ | +
2 2 2 2
3def2xzsin[£]—3-F3x2$in[£]+df3x3sin[5])/
2 2 2
2
[6ad2 [Cos[£]+sin[g}) Cos[£+d—x}+sin[£+d—x] ]Jr
2 2 2 2 2 2
. dx . dx . o,dx
(5d2e351n[—]+12ef251n[—]+15d2e2fx51n[—]+
2 2 2
. rdx . odx o odx
12-F3x51n[—}+15d2ef2x251n[—]+5d2f3x351n[—])/
2 2 2
dx c dx
6d3[C£S'E)C 5—5'——)
( a os[z]+ 1n[2} os[2+ 5 |+ 1n[2+ 2]
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Problem 278: Result more than twice size of optimal antiderivative.

Sec[c+dx]?
J dx

a+aSin[c+dx]

Optimal (type 3, 42leaves, 3 steps):
Sec[c +dx] 2Tan[c +dx]

- +

3d (a+aSin[c+dx]) 3ad

Result (type 3, 103 leaves):

(2Cos[c+dx] -4Cos[2 (c+dx)]+8Sin[c+dx] +Sin[2 (c+dx)])/
(12ad 1(c+dx)]
2

Cos[% (c+dx)]-sin]

(Cos[% (c+dx)] +Sin[§ (c+dx)]

<1+Sin[c+dx]))

Problem 281: Result more than twice size of optimal antiderivative.

(e+fx)>secc+dx]3
J dx

a+asSin[c+dx]

Optimal (type 4, 698 leaves, 32 steps):

if(e+fx)2 51’11’2(e+-Fx)Ar‘cTan[<ej(“dX)} 31’1<e+fx)3Ar‘cTan[ej(“d">]

+

2ad? ad? 4ad
f2 (e+fx) Log[1+e2i(cd0 | 5j £3polylog|2, i el (¢1dX ]
ad? : 2ad* :
9if (e+-Fx)2PolyLog[2, ~iel(¢d0 ] 5 3 polylog[2, i el (¢+dX |
8 ad? ) 2ad* )
91 f (e+Fx)2PolyLog[2, iel (C*dx)] if3 PolyLog[Z, —e2t (C*d")}
8 a d? ) 2ad? )
9f2 (e+fx) Polylog[3, —-ie! (9] 92 (e+fx) PolylLog|3, i e’ (<4 ]
4ad? i 4ad )
91 f3PolylLog[4, ~ie' (<9¥)] 9if>Polylog[4, ie' (99| 3 sec(c+dx]
4ad* ’ 4ad* ) 4ad* )
9f(e+fx)25ec[c+dx] 2 (e+fx) Sec[c+dx]? -F(e+-Fx)ZSec[c+dx]3
8ad? ) 4ad? ) 4 ad? )
(e+fx)’sec(c+dx]* fTan[c+dx] f(e+fx)?Tan[c+dx]
4ad ' 4 ad* " 2ad? *
f2 (e+fx) Sec[c+dx] Tan[c +dx] X 3 (e+-Fx)3Sec[c+dx1 Tan[c +dx] .
4ad 8ad

f (e+fx)25ec[c+dx]2Tan[c+dx] (e+fx)3Sec[c+dx}3Tan[c+dx}
+

4 ad? 4ad
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Result (type 4, 2640 leaves):
1

8ad? (Cos[c] +1i (-1+Sin[c]))

3 1
3 (Cos[c] +iSinfc]) |-id*e*x-4ief’x-—id*’e*fx*-2ifFx*-idef - —id £ x*+

2 4
3 o 4ief?ArcTan[Cos[c+dXx] +1Sin[c+dx]]
1de’ArcTan[Cos[c+dx] +1Sin[c+dx]] + +
d
5 , . 4f3xLlog[l+1iCos[c+dx] -Sin[c+dx]]
3de“fxlog[l+iCos[c+dx] -Sin[c+dx]] + +
d

3def?x?Llog[l+1Cos[c+dx]-Sin[c+dx]] +df>x®Log[l+1iCos[c+dx]-Sin[c+dx]] +
1

~de*Llog[1+Cos[2 (c+dx)]+iSin[2 (c+dx)]]+

2

2ef?log[1+Cos[2 (c+dx)|+isSin[2 (c+dx)]]
d

6 i 3 PolyLog[4, -i Cos[c+dx] +Sin[c+dx]]
d2

+

+de3ArcTan[Cos[c+dx] +1Sin[c+dx]]
1
(Cos[c] -iSin[c]) +g4ef2Ar‘cTan[Cos[c+dx] +iSin[c+dx]] (Cos[c] -iSin[c]) -
1
3ide*fxLlog[l+iCos[c+dx]-Sin[c+dx]] (Cos[c]-iSin[c])- =
d
4ifxlog[l+iCos[c+dx]-Sin[c+dx]] (Cos[c]-1iSin[c]) -
3idef?x’Log[l+1iCos[c+dx]-Sin[c+dx]] (Cos[c] -1iSin[c]) -
idfx?Log[l+iCos[c+dx]-Sin[c+dx]] (Cos[c]-iSin[c]) -

1Jide3Log[1+Cos[2<c+dx)]+JiSin[2 (c+dx)]] (Cosfc] -isinfc]) -
2

321’1e-F2Log[1+Cos[2 (c+dx)]+isin[2 (c+dx)]] (Cos[c]-isSin[c]) +
%6{3 Polylog[4, -1iCos[c+dx] +Sin[c+dx]] (Cos[c] - iSin[c]) +

d

1
=6 f> (e+fx) PolylLog([3, -iCos[c+dx] +Sin[c+dx]]
d

1
.=

(Cosfc] +i (-1+Sin[c])) (Cos[c] -iSin[c]) g

flafe3d (esfx)?

Polylog[2, -iCos[c+dx] +Sin[c+dx]] (Cos[c] -iSin[c]) (-1-i Cos[c] +Sin[c})] -

1
8ad? (Cos[c] +i (1+Sin[c]))

(Cosfc] +iSin[c])

9 3
3id?e?x+28iefix+ —id?e?fx?+14ifx*+31d?’ef2x3+ —id? x4+
4
3 . 28 i ef2ArcTan[Cos[c+dx] +1Sin[c+dx]]
3ide’ArcTan[Cos[c+dXx] +1Sin[c+dx]] + -
d
5 . . 28 f3x Log[1l-1iCos[c+dx] +Sin[c+dx]]
9de fxlLog[l-1iCos[c+dx] +Sin[c+dx]] - -
d

9def?x?>Log[l1-1iCos[c+dx] +Sin[c+dx]] -3df>x3Log[l-1Cos[c+dx] +Sin[c+dx]] -
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%de3Log[1+Cos[2 (c+dx)]+isin[2 (c+dx)]] -

14ef2log[1+Cos[2 (c+dx)|+iSin[2 (c+dx)]]
d
18 i f3 Polylog([4, i Cos[c+dx] -Sin[c+dx]]
d2

1
3de’ArcTan[Cos[c+dx] +1iSin[c+dx]] (Cos[c] -isSin[c]) - =
d

28 e f> ArcTan[Cos[c +dx] +iSin[c+dx]] (Cos[c] -iSin[c]) -
9ide?fxlog[l-iCos[c+dx]+Sin[c+dx]] (Cos[c]-iSin[c]) -
1281‘11‘=3xLog[1711Cos[c+dx}+Sin[c+dx}] (Cosfc] -isSin[c]) -
d

9idef?x*Log[l-iCos[c+dx] +Sin[c+dx]] (Cos[c]-iSin[c]) -
3idf?x’Log[1-1iCos[c+dx]+Sin[c+dx]] (Cos[c]-iSin[c]) -

1
3]'lde3’Log[1+Cos[2 (c+dx)]+isin[2 (c+dx)]] (Cos[c] -iSin[c]) -~
2
14ief?Llog[1+Cos[2 (c+dx)]|+isSin[2 (c+dx)]|]| (Cosl[c]-1iSin[c])+

%181:3 Polylog[4, i Cos[c+dx] -Sin[c+dx]] (Cos[c] -iSin[c]) -
d
3181‘:2 (e +fx) Polylog[3, i Cos[c+dx] -Sin[c+dx]]
(Cos[c] -isin[c]) (Cos[c]+i (1+Sin[c])) + dlfzf (281‘2+9d2 (e+fx)2)

Polylog([2, i Cos[c+dx] -Sin[c+dx]] (iCos[c] +Sin[c]) (Cos[c] +1i (1+Sin[c]))} +

3e3 xCos[c] + 31ie?xSin[c] 9e?2 fx2Cos[c] + 91 e?fx?Sin[c]

4a 4 a 8a 8a
+ +

1+Cos[2c] +1Sin[2C] 1+Cos[2c] +1Sin[2C]
3ef?x3Cos[c] + 3ief?2x3Sin[c]
4a 4a

4
1+Cos[2c] +1Sin[2(C]
33 x*Cos|c] + 3i f3x*Sinfc]

16 a 16 a

+
1+Cos[2c] +1Sin[2C]

e3+3e?fx+3efix?+f3x3

8ad [Cos[<+ %] -sin[<+ x])°

dx

3 (e2fsin[®] +2ef xsin[9] + £ x2sin[ 9]

2

- 4x] _sin[< . dx])

4 ad? (Cos{ﬂ —Sin[ﬂ) (Cos[i

—e3_3e2fx-3efix?2-f3x3

8ad (Cos[§+d7x} +Sin[§+d"])4
dx

eZFSin[dTX} +2ef2xSin[

4 ad? (Cos{ﬂ +Sin[§” (Cos[i
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1

8ad [cos[5] +sin[{]) (cos[§+ ] +sin[f+ )’

(72d2e3Cos[£]—deZFCos[E]fzePCos[E}76d2e2-FxCos[£]72def2xCos[£]7
2 2 2 2 2
2f3xCos[£]—6d2ef2x2Cos[£]—df3x2Cos[£]—2d2f3x3Cos{E]—
2 2 2 2
2d2e351n[5]+de2f51n[5]-2ef251n[5}-6d2e2fxsin[5]+2def2xsin[5]-
2 2 2 2 2
2f3xSin[£]—6d2ef2xzsin[£]+df3x25in[£]—2d2f3x3sin[£])+
2 2 2 2
(7d2e2f51n[d—x}+2f351n[d—x}+14d2ef2xsin[d—x]+7d2f3x251n[d—x])/
2 2 2 2
[4ad4 [cos[£] - sin[ ] cos[ S+ 2] 1 sin[ S 44X )
2 2 2 2 2 2

Problem 282: Result more than twice size of optimal antiderivative.

dx

J(e+fx>25ec[c+dx]3

a+asSin[c+dx]

Optimal (type 4, 431 leaves, 17 steps):
31 <e+-Fx)2Ar‘cTan[<efl (¢+dx) | 5£2ApcTanh[Sin[c+dx]] f2Log[Cos[c+dx]]
- + +
4ad 6ad? 3ad?
3if (e+fx)Polylog[2, -ie!(©dX)] 3if (e+fx) Polylog|2, ie! (©dx]

+

4 ad? 4 ad?
3f2Polylog(3, -ie! (<X ]| 3f2Polylog(3, ie! (4% | 3f (e+fx)Sec[c+dx]
4ad? : 4ad? ) 4ad? )
f2sec[c+dx]2 f (e+fx)Sec[c+dx]> (e+fx)?Sec[c+dx]*
12 ad? ) 6 ad? : 4ad :
f(e+fx) Tan[c+dx] +f25ec[c+dx} Tan[c +dx] +3 (e+-Fx)ZSec[c+dx] Tan[c +d x] X
3ad? 12 ad? 8ad
f (e+fx)Sec[c+dx]2Tan[c +dx] (e+fx)25ec[c+dx]3Tan[c+dx]
6ad? : 4ad

Result (type 4, 1680 leaves):
1

8ad (Cosf[c] +i (-1+Sin[c]))

(Cosfc] +isinf[c]) |-3id*e®*x-4if?x+3d*efx®Cos[c]+d*f*x* (Cos[c] -iSin[c]) +
(3de?+4f%) x (1+1iCos[c]-Sin[c]) (Cos[c] -1iSin[c]) -
Bjdzefxzsin[c}Jrzdez (2dx-2ArcTan[Cos[c+dx] +iSin[c+dx]] +

iLog|1+Cos|2 (c2+dx)}+151n[z(c+dx)]]) (Cos[c] -isin[c])

1
(-1-iCos[c] +Sin[c]) + =2F> (2dx-2ArcTan[Cos[c+dx] +iSin[c+dx]] +
d



116 | Mathematica 11.3 Integration Test Results for 4.1.10 (c+d x)~m (a+b sin)”n.nb

ilog[1+Cos[2 (c+dx)]|+iSin[2 (c+dx)]|]) (Cos[c]-1iSin[c])
(-1-iCos[c] +Sin[c])+3ef (dx (dx+2ilog[l+iCos[c+dx]-Sin[c+dx]])+
2Polylog[2, -iCos[c+dx] +Sin[c+dx]]) (Cos[c] -iSin[c])

1
<—1—1‘LCos[c]+S.in[c})+g-l:2 (d*x?* (dx+3ilog[l+iCos[c+dx]-Sin[c+dx]])+
6dxPolylLog[2, -1 Cos[c+dx] +Sin[c+dx]] +6 1 PolylLog[3,
~iCos[c+dx] +Sin[c+dx]]) (Cos[c] -iSin[c]) (-1-1iCos[c]+Sin[c])|-

1
24ad? (Cos[c] +i (1+Sin[c]))

(Cos[c] +1isin[c])

91d?e?x+281f>x+9d?efx?Cos[c] +

3d2f2x>Cos[c] -91d>efx?®Sin[c] -31d?>f2x>Sin[c] +
(9d*e?+28F?) x (Cos[c] -iSin[c]) (1-iCos[c]+Sin[c]) +
gde2 (2dx+2ArcTan[Cos[c+dx] +iSin[c+dx]] +
2
ilog[l+Cos[2 (c+dx)]+iSin[2 (c+dx)]|]) (iCos[c]+Sin[c])

1
(Cosf[c] +i (1+Sinf[c])) + =14> (2dx+2ArcTan[Cos[c+dx] +iSin[c+dx]] +
d

ilog[1+Cos|[2 (c+dx)|+iSin[2 (c+dx)]|]) (iCos[c]+Sin[c])
(Cosfc] +i (1+Sinf[c])) +9ef (dx (dx+2ilog[l-iCos[c+dx]+Sin[c+dx]]) +
2 Polylog[2, i Cos[c+dx] -Sin[c+dx]])
(i Cos[c] +Sin[c]) (Cos[c] +i (1+Sin[c])) +§
3fF2 (d*x* (dx+3ilog[l-iCos[c+dx]+Sin[c+dx]])+6dx
PolyLog[Z,JiCos[c+dx1—Sin[c+dx]1+61’1PolyLog[3,JiCos[c+dx1—Sin[c+dx]1>
(i Cos[c] +Sin[c]) (Cos[c] +i (1+Sinfc])) |+

3e?xCos[c] + 3ie%xSin[c] 3efx?Cos|c] + 3iefx®Sin|c]

4a 4a 4a 4a
+ +

1+Cos[2c] +1Sin[2C] 1+Cos[2c] +1Sin[2C]

2 x3 Cos[c] + if2x3Sin[c]
4a 4a

+

1+Cos[2c] +1Sin[2 ]

e2+2efx+f2x2

8ad (Cos[i+d7x} ,Sin[ier?x])z
—efSin[dTX} ,fZXSin[dTX]

2o fon£] -sin ) [

—e?2-_2efx-f2x?

+

8ad (Cos[§+d7x} +Sin[§+d7x])4

e'FSin[dTX] +-F2xSin[d7x]

+

62 [cos[g] esin(]) [cos[3 ] wsinls )
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(—3d2e2Cos[£} —de-FCos[E} -
2 2
fZCos[E} —6d2efxCos[£] —dfszos[E] -
2 2 2
32 f2x?Cos| | -3d2e?sin[ "] +defsin[ =] -f2sin[ "] -
2 2 2

N

6d2eFxSin[£] +df2xSin[£] —3d2f2xzsin{5])/
2 2 2

{12ad3 (Cos[; +Sin[§])

c dx . C dx4)2
COS[*+7]+Sln[*+f}) J+
2 2 2

(eme[ ]+f2x51n[7"])

dx
2
6 ad? (Cos +Sln )(Cos £ 4 +Sin[§+dx”

Problem 283: Result more than twice size of optimal antiderivative.

(e+fx) Sec[c+dx]?
J dx

a+aSin[c+dx]

Optimal (type 4, 241 leaves, 11 steps):
3i (e+fx)ArcTan[e! (¢*4% |  3ifPolylog[2, -ie! (¢4 ] 3ifPolylog|2, ie! (4% |
_ . _

4ad 8 a d? 8ad?
3fSec[c+dx] fSec[c+dx]3 (e+fx)Sec[c+dx]4 fTan[c +dx]
- - + +
8 a d? 12 a d? 4ad 4ad?

3 (e+fx)Sec[c+dx] Tan[c+dx] (e+fx)Sec[c+dx]*Tan[c+dx] fTan[c+dx]3
+ +

8ad 4ad 12 ad?

Result (type 4, 1171 leaves):
-6de-f+6cf-6f (c+dx) ~de+cf-f (c+dx

+ +

8 d2 (Cos[i (c+dx)] +Sin[i (c+dx)])2 (a+asin[c+dx])

24d* (a+aSin[c+dx])

fsin[2 (c+dx) |

+

12 d2 (Cos[% (c+dx)] +Sin[§ (c+dx)]) (a+asin[c+dx])

7fSin[§ (c+dx) ] (Cos[i (c+dx)] +Sin[§ (c+dx”)

12d? (a+aSin[c+dx]) :

Cos[1 (c+dx)] +Sin[l (c+dx)]

(3(c+dx)<2de—2cf+f(c+dx)) X &

1/

1 (-c-dx) —Log[Cos[1 (c+dx)] —Sin[1 (c+dx)H]

(16d* (a+asin[c+dx])) +
2 2 2

3e

Cos[% (c+dx)] +Sin[% (c+dx)]

2]/ (8d (a+asin[c+dx])) -

(3C'F(§ (-c-dx) —Log[Cos[% (c+dx)]-sin[= (c+dx)]]

N |
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Cos[% (crdx)] +Sin[§ (crdx)] 2]/ (8 (a+asinfcsdx])) -
(Be (% (c+dx) 7Log[Cos[§ (c+dx)] +Sin[§ (c+dx)H]

Cos[% (c+dx)] +Sin[§ (c+dx)] ZJ/ (8d (a+asSin[c+dx])) +
§<c+dx) —Log[Cos[% (c+dx)] +Sin[§ (c+dx)H]

(3C'F

Cos[i (c+dx)] +Sin[§ (c+dx)]

2]/ (8d* (a+asSin[c+dx])) -

(B-F le’jal (c+dx)2—i{—ijﬂ(c+dx)—77Log[1+e’i<c+d><>]_2(—E+1(c+dx))
4 J2 | 4 4 2
L 21(l+l(c+dx)) 1 1 o1
og[1-e" a2 | +nLog[Cos|[~ (c+dx)]] - =nlog[-Sin[ =+ = (-c-dx)]] +
2 2 4 2
. Zi(7£+l—(c+dx)) 1 . l 2
iPolylog|2, e a': ]] Cos | <c+dx)]+51n[2(c+dx” /
2

le% <C+dx)2+

(4\/7d2(a+asin[c+dx]))—(31c 4 V2

[—li/—r (c+dx) -nlog[l+e (<40 ] -2 (£+1 (c+dx) “(%*%(“dx)H
4 4 2

o 1
Z .=

4 2

Log[l-e

nLog[Cos[% (c+dx)]]+ %nLog[Sin[

Cos[% (c+dx)] +Sin[§ (c+dx)]

2]/ (4\/7d2 (a+aSin[c+dx])) +

(de-cf+f(cvdx)) (cos[L (crdx)]+sin[? (c+dx)”2

8 d2 (Cos{% (c+dx) ] —Sin[i (c+dx)])2 (a+asin[c+dx])

fSin[i (c+dx)] (Cos[i (c+dx” +Sin[i (c+dx”)2

4 d2 (Cos[% (c+dx) ] —Sin[i (c+dx)]) (a+asin[c+dx])

Problem 284: Result more than twice size of optimal antiderivative.

Sec[c+dx]3
J dx

a+aSin[c+dx]

Optimal (type 3, 77 leaves, 4 steps):

(c+dx)]] +1iPolyLog|2, et [ ;(de))})]

3 ArcTanh[Sin[c+dXx]] 1 a 1
+

8ad 8d(a-aSin[c+dx]) 8d (a+aSin[c+dx})2 4d (a+asSin[c+dx])

Result (type 3, 190 leaves):
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1

2+ 4

(Cos[i (c+dx)] +Sin[§ (c+dx”>2

2

3Log[Cos[1 (c+dx)] —Sin[l (c+dx)]] Cos[1 (c+dx)] +Sin{l (c+dx) ]| -

2 2 2 2
3Log[Cos[§ (c+dx)] +Sin[§ (c+dx)]] Cos[i (c+dx)] +Sin[% (c+dx) ]| -
(Cos[%(c+dx)]+$in[%(c+dx)”2 .
; (8d (a+asin[c+dx]))
(Cos[i(c+dx)]fsin[i(c+dx)” /

Problem 294: Result more than twice size of optimal antiderivative.

(e+fx)3Cos[c+dx]
J dx

a+bSin[c+dx]

Optimal (type 4, 432 leaves, 11 steps):

(e+fx)®Log[1- Lot — ] (e+fx)Log[1- tbett —

) il (e +'Fx>4 . a-/a2_b2 . 22202 i
4bf bd bd
3if (e+fx)?Polylog|2 ibetlt 3if (e+fx)?PolylLog|2 ibel o0y
( ) [ 2 a Tz—bz ] ( ) [ ] s ]
b d? b d2 *
62 (e + fx) Polylog[3, 22U ] 2 (e fx) Polylog[3, *2e ™™
( ) [ a-+/ a2-b? ( ) [ as/a?_b?
bd? : b d3 "

61 f2Polylog[4, 2<“L] 61 £ polylog[4, 12"
a-/2%-b? a/a2-b?
. v

b d* bd*

Result (type 4, 1068 leaves):
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1
_ ilad*e3x+6d*e?fx?2+a4def?x+d*F3 x4 -
4bd*
Zaej(CerX) ) ) .
4 d*e® ArcTan| | +2id*e®Log[4a® e’ (<90 1 b? (—1+ 2t (@d0) 7] 4
b (71+e2j1 (c+dx))
bcej‘ (2 c+d x)
12id*e?fxlog|l+ | +12id*ef2x?

jae“—\/(—a2+b2) e?tc
i (2 c+dx) i (2c+dx)
Log[1+ be 777 | +41d® %3 Log |1+ be 777 |+
jae“—\/(—a2+b2) e?tc Jiaejc—\/<—a2+b2> e?tc
bei(2c+dx)
12id’e? fxLlog|l+ | +12i d>e 2%
Jiae“+\/(—a2+b2) e?tc

be]‘l (2 c+d x) b(ejl (2 c+dx)
Log[1 + | +41d® %% Log |1+ ]+
Jiae“+x/(—a2+b2) e?tc Jiae“+\/<—a2+b2> e?tc
. i (2c+dx)
12d%f (e+-Fx)2PolyLog[2, ibel P ]+
aeﬁc+i\/<—a2+b2) e?ic

b(e]i (2 c+d x)
12d*f (e + fx)?Polylog|2, - |+
jae“Jr\/ (7a2+b2) e?ic
ibej (2 c+d x)
24 i def?Polylog|3, ]+
aejc+j\/(—a2+b2> e?ic

. 3 I'Lbej (2 c+d x)
24 i d f?x PolyLog|3, |+

aej°+i\/(—a2+b2) e?tc
. 5 bei(2c+dx)
24 i def?Polylog|3, - ]+
Jiace“+\/(—a2+b2) e?tc

be]‘l (2 c+d x)
24 i d 3 x PolyLog|3, - | -
Jiae“+x/(—a2+b2) e?ic
]'lbei (2 c+d x)
24 3 polylog|4, ] -
ae“+1‘1\/(7a2+b2) e?ic

b(ejl (2 c+d x)
24 3 Polylog |4, - ]
iaetc. [[Ca2ib?) e2ic

Problem 295: Result more than twice size of optimal antiderivative.

(e+fx)2Cos[c+dx]
J dx

a+bSin[c+dx]

Optimal (type 4, 320 leaves, 9 steps):
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i(c+dx)

(e+fx)2Log[1—M] (e+fx)*Log[1- 12

i (e +f X) } a-+/ a?-b? a+/ a2-b2

— + + —

3bf bd bd

2if (e+fx) Polylog|2, M} 2if (e+fx) Polylog[2, *2¢

a-+/a-b? a++/ a?-b?

b d? b d?

i (crdx)

22 Polylog[3, 2= “L] 2 £2polylog|[3, Lo

a-+/a2-b? a+/ a2-b?

bd? bd?

Result (type 4, 647 leaves):

1 —6id*e?x-6id*efx?-21d>F2x>+
6bd3
2aei(c+dx) ) )
6 i d? e? ArcTan| . | +3d?e? Log[aa?e?! (19X 4 b2 (—1+e“(°*dx))2]+
b<71+921(c+dx))
i (2c+dXx) i (2c+dx)
12d*efxLog[l+ be' 7T | +6d?f2x? Log[1+ be! T
iaetc-.[(-a2+b?) e?ic iaeic-.[(-a2+b?) e?ic
i (2 c+dx) i (2 c+dXx)
12d*efxLog[1+ be ’ | +6d*f2x? Log |1+ be ’
jaejc+\/(7a2+b2> e?ic jaejc+\/<fa2+b2> e?ic
]'lbei(2c+dx)
12idf (e+fx) PolylLog|2, | -
aeic+]l\/(7a2+b2> e?tc
bei(2c+dx)
12idf (e+fx) Polylog|2, - |+
Jiae“+\/(—a2+b2) e?tc
ib el (2c+dx) b el (2c+dx)
12 f? Polylog|3, | +12 2 PolyLog|3, -
ae“+i\/(—a2+b2) etc J'lae“+\/(—az+b2) e?tc

Problem 298: Result more than twice size of optimal antiderivative.

(e+fx)>Cos[c+dx]?
j dx

a+bSin[c+dx]

Optimal (type 4, 618 leaves, 18 steps):

| 121

] .

]
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a(eJr-I:x)4 62 (e+fx) Cos[c+dx]
4p2f b d?
i (crdx)

. 2 p2 3 _ibe
iva?-b? (e+fx)’Log[1 7& —

+

(e+fx)?Cos[c+dx]
N
bd b2 d

i+/a?-b2 (e+fx)3Log[1—M] 3+/a?-b? f (e+fx)*Polylog|2, +2°

a+/ a?-b? a-+/ a?-b?

i(c+dx)

+

b2d b2 d2
3+/a?-b? f (e+fx)?Polylog|2, M} 61i+/a2-b? 2 (e+fx) PolylLog[3, b€
a+/ a2-b? a-+/ a’-b?
b2 d2 b2 d3

6i+a2-b2 f2 (e+fx) Polylog|3, Lo =™ 6VaZ_b? 3 Polylog|s, 1oe
VFE 2 (e ] polytog[3, o, e
+

i (c+dx)

b2 d3 b2 g4
6+/a?-b2 f3Ppolylog|a, Loe—" )
4 I peyre: ] 6f3sin[c+dx] 3f (e+fx)?sin[c+dx]
. _
b2 d* b d* b d2

Result (type 4, 1588 leaves):

1
4 b2 d*

ad*x (4e’+6e*fx+4ef> x>+ ) +4bd (e+fx) (—6f2+d2 (e+-Fx)2) Cos[c+dx] -

1
41i+/a®-b?

\J(-a?+b2) (Cos[2c] +isSin[2c])
{Bjx/azbz d>e? fx Log[1+
iacCos[c] +\/(—a2+b2) (Cos[c] +jSin[c])2 -asSin[c]

(Cosf[c] +iSin[c]) +3i+/a’-b* d>ef’x?

b (Cos[2c+dx] +iSin[2c+dx])

b (Cos[2c+dx] +iSin[2c+dx]) ]

] (Cosfc] +isSinfc]) +

Log[1+

iacos| +\/ 24+b2) (Cos[c] +1iSin[c])? -asSin[c]
i~a?-b? d® 3 x° Log[1+
iaCos[c] +\/(—a2+b2) (Cos[c] +J'1$in[c])2 —asin[c]

(Cosfc] +isSinfc]) +3+/a2-b* d®f (e+fx)?

b (Cos[2c+dx] +iSin[2c+dx]) ]

b (Cos[2c+dx] +iSin[2c+dx]) ]

PolyLog [2,

iacCos[c] +\/(7a2+b2) (Cos[c] +iSin[c])® ~asin(c]

(Cosf[c] +iSin[c]) -3+/a®-b> d*f (e+-Fx)2PolyLog[2,

b (Cos[2c+dx] +iSin[2c+dx])
| (Cosfc] +isSinfc]) +

-iacCos]| +\/ 24+b2) (Cos[c] +1iSin[c])? +asSin[c]
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b (Cos[2c+d i Sin[2c+d
6 /a2 b defPolylog[3, - (Cos[zc+dx) ~isin[2c-dx]) |
iacCos[c] +\/<—a2+b2) (Cos[c] +iSin[c])? -asin(c]

(Cos[c] +isin[c]) +61i+/a®-b> df’xPolylog|3,

) b (Cos[2c+dx] +iSin[2c+dx]) }(COS[C]+]'lSin[C])7

iacCos[c] +\/ (-a2+b?) (Cos[c] +iSin[c])® -asSin[c]

GmPPolyLogH,— b (Cos[2c+dx] +iSin[2c+dx]) ]
iacCos[c] +\/(—a2+b2) (Cos[c] +isSin[c])?

Cos[c] +iSin[c]) +6+/a*-b* f>PolyLog|4,

b (Cos[2c+dx] +iSin[2c+dx])

-aSin[c]

—

| (Cosfc] +isin[c]) +

~iaCos[c] ./ (-a2+b?) (Cos[c] +iSin[c])? +asSin(c]
BWda‘ezfoog[l—(b(Cos[2c+dx]+iSin[2c+dx1))/
(—jaCOS[c] ++/ (~a2+b?) (Cos[c] +isinfc])? +as:‘m[c1)} (~iCos[c] +Sin[c]) +
3\/Hd3ef2szog[1—(b (Cos[2c+dx]+JiSin[2c+dx]))/

[—jaCOS[C] +\/ (-a®+b*) (Cos[c] +JlSin[c])2 +aSin[c1)} (-1iCos[c] +Sin[c]) +

\/a*-b* d&® 3 x? Log[1- (b (Cos[2c+dx] +iSin[2c+dx}>)/

2

[—JiaCos[c] +\/ (-a®+b*) (Cos[c] +1iSin[c]) +aSin[c])} (-1iCos[c] +Sin[c]) +

b (Cos[2c+d i Sin[2c+d
GmdeszolyLog[% (Cos(2c+dx] +isinf2c+dx]) ]
-1acCos[c] +\/(—a2+b2) (Cos[c] +JiSin[c])2 +aSin[c]

—

-iCos[c] +Sin[c]) +

b (Cos[2c+d i Sin[2c+d
6+/a? - b? dxPolylog|[3, (Cos[2c+dx] +isinf2c+dx]) ]
-1acCos[c] +\/(—a2+b2) (Cos[c} +JiSin[c])2

+asSinfc]

]

bCos[c+dx] +i (a+bSin[c+dx])

q/az_bz

—

i Cos[c] +Sin[c]) -21d®e®ArcTan|

<_

(-a®+b%) (Cos[2c] +iSin[2c]) |-12bf (—2-F2+d2 (e+Fx)2) Sin[c +d x]

Problem 302: Result more than twice size of optimal antiderivative.

(e+-Fx)3Cos[c+dx]3
J dx
a+bSin[c+dx]

Optimal (type 4, 737 leaves, 21 steps):
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33y (e+fx)3 Jl(az—bz) (e+-Fx)4 6af3Cos[c+dx] 3a-F(e+-Fx)2Cos[c+dx}
_ N _

“8bd®  4bd abdf b2 ¢ b2 d2
a?-b?) (e+fx)3Log[1- ibe ™ a?-b2) (e+fx)3Log[1- ibel™®
(2 -07) e+ Fx)"Log[1 - o] (20 en fx)PLogla - M
- +
b*d b3 d
jbel‘lf\c+d>{}

3i (a2 -b2) f (e+fx)?PolyLog|2, ibe 3i (a2-b?) f (e+fx)?PolylLog|2,
b3 d? : b3 d?

6 (a®-b?) f2 (e + f x) PolylLog|3, ibei(cm‘\] 6 (a2 - b?) f2 (e + fx) Polylog[3, *2e—— o

a-+/ a?-b? a+/ a2-b?

b3 d3 b3 d3

6i (a2-b?) f>Polylog[4, *2="] 61 (a’-b2) f>Polylog[4, ‘2"

a-+/ a%-b? ] a+/ a%-b?

b3 d* b3 d*
6af? (e+fx)Sinfc+dx] a(e+fx)>sin[c+dx] 33 Cos[c+dx]Sin[c+dx]
b? d? ' b d ' 8 b d* )
3f (e+fx)®Cos[c+dx]Sin[c+dx] 32 (e+fx)Sin[c+dx]? (e+fx)’sin[c+dx]?
4bd ' 4bd? ) 2bd

Result (type 4, 3279 leaves):

1

— (a®-b?) |[4id*e?e? ' x+6idte?e?  fxP
2b3d* (—1+ez“>

2a (EJ'L (c+d x)

b (_1+e21(c+dx)>

] _

4]'1d4e<e2“-F2x3+Jid4<ezjcf3x4+2Jld3e3Ar‘cTan[

2aet (¢rdx) ] +d e’ Log[4a% et (©40 L p2 (~14 2t (€1d0))2] _

21id3e? e“cAr‘cTan[
b (_1+e21(c+dx)>

d3 e3 erLc Log[4a2 (eZJi(mdx) + b2 <71+e21(c+dx))2} .

i (2cedx)
6d>e? fxLog[l+ be 777 | -6d*e?e?icfx
J'lae“—\/(—a2+b2) e?tc
i (2c+dx) i (2c+dx)
Log[1+ be! T | +6d*ef?x?Log[1+ be 777 ] -
Jiae“—\/(—a2+b2) e?tc iae“—\/<—a2+b2> e?tc
) bej(2c+dx)
6d°ee? < f2x?Log[1+ | +2d®> £33
Jiae“—\/<—a2+b2> e2ic
i (2c+dx) i (2c+dx)
Log[1+ bel 7777 | -2d*e? <3 x3 Log[1+ bet 77T |+
iaetc- [(-a2+b?) e’ iae'c-.[(-a2+b?) eic
bei(2c+dx) i
6d’ e’ fxLlog[l+ | -6d®e?e?icfx

jaeic+\/(fa2+b2) e?ic
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b(e (2 c+d x) b(e (2 c+d x)
Log[1 + | +6d>ef?x? Log[1+ |-
jaeic+\/(fa2+b2) e2tc jaejc+\/(fa2+b2> e2ic
) th (2 c+dx)
6d’ee?“f2x?Log[l+ | +2d® £
jace“+¢(—a2+b2> e?ic
(2 c+d x) (2 c+dx)
Log[1+ bel B0 | -2d*e? <3 x3 Log[1+ bel 2% |+
jaejc+\/(—a2+b2) e?tc Jiaej°+\/<—a2+b2> e?tc
Jlb(e (2 c+d x)

6id (-1+e**°) f (e+-Fx)2PolyLog[2,

} +

aej°+i\/<—a2+b2) e?ic

(2 c+d x)
6 1 d? (71+e2j°)-F(e+-Fx)2PolyLog[2,— bel B

|+

Jiae“+\/(—a2+b2) e?ic

Jlbe (2 c+d x)
12de f?Polylog|3, ] -
aejc+jJ<fa2+b2> e?ic
) J].bte (2 c+d x)
12dee®*“ f?polylog|3, |+
aejc+j\/(—az+b2) e?tc
Jlb(e (2 c+d x)

12d 3 x Polylog|3,

} _

ae“+1’1\/<—a2+b2> e?tc

Jlbe (2 c+dx)

ae“+i\/(—a2+b2) e?tc

12de®*° f* x PolyLog|3,

} +

5 be (2 c+d x)
12de f?Polylog|3, - | -

J'Lae“+\/(—az+b2) e?ic

be (2 c+d x)

12dee?’f2polyLog[3, -

|+
facic [ oD e
3 be (2 c+d x)
12d f? x Polylog|3, - ] -
iaeic+\/(—a2+b2) e?tc

i be (2 c+d x)
12de®*° f* xPolyLog|3, - |+
]'la(E]ich\/ (7az+b2) e?tc

] _

ib (ei (2 c+d x)

ae“+1’1\/<—a2+b2> e?tc

(2 c+d x)

12 i 3 Polylog 4,

ibet
ae“+i\/(—a2+b2) e?ic

be (2 c+d x) ]

121 e** > PolyLog|[4,

} +

121 f* Polylog|4, -

J'lace“+\/(—a2+b2) e?ic
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i b(ei (2 c+d x)
121 e?*¢ 3 PolyLog|4, - 1+
Jiace“+\/(—a2+b2) e?tc

i(-a?+b?)e*x (1+Cos[2c]+iSin[2c])

+

b (-1+Cos[2c] +iSin[2c])
3i (-a?+b?) e2fx? (1+Cos[2c] +isSin[2c])

+

2b3 (-1+Cos[2c] +1iSin[2c])

i(-a?2+b%) ef2x?® (1+Cos[2c] +1iSin[2c])

+
b (-1+Cos[2c] +iSin[2c])

i(-a?+b?) £2x* (1+Cos[2c] +iSin[2c])

+

4b* (-1+Cos[2c] +1iSin[2c])

iafix3Cos[c] af3x3Sin[c] aCos|c]

1aSin[c]

v +(J‘ld3e3+3d2e2f76jdef276f3)( -
26 d 26 d 2b d*

31xC 3 x Si
(ad’e®’f-2iadef’-2af) [ 1xCos[c] X 1n[c}]+

+
2b2d3 2b2d3
31 x2Cos[c] 3x%2Sin[c] )]

(adefz—jaf3)

+
2 b2 d? 2 b%d?
o iaf?x®Cos[c] afix3Sinj[c]
(Cos[dx] -isSin[dx]) + |- + +
2b%d 2b%d

aCos|[c i aSin[c 1
(—J‘Ld3e3+3d2e2-F+611def2—6-F3)( [c] 1 [}]_

2b2d* 2 b2 d4 2 b2 d2
3ix* (adef’Cos[c] +iaf’Cos[c]+iadef?Sin[c] -af>Sin[c]) -

31X (ad*e®*fCos[c] +2iadef?Cos[c] -2af’Cos[c] +
2b-d

iad*e*fsin[c] -2adef?*Sin[c] -2iaf’Sin[c])

Cos[2c]

2 b%d*

(Cos[dx] +isSin[dx]) +

1Sin[2c]

- +(4d3e3—Gidzezf—Gdef2+31f3)

(f3 x3Cos[2c] 1f3x3Sin[2c]
8bd 8bd

32bd*

(2d*e*f-2idef?-f)

3xCos[2c] 31‘1xsin[2c}]
- +
16 b d3 16 b d3

32bd*

1Sin[2c]
+

5 . .3y (3X*Cos[2c] 3ix?Sin[2c] o
(2def?-if?) - (Cos[2dx] -iSin[2dx]) +
16 b d? 16 b d?
3 x3Cos[2c i f3x3Sin[2 ¢ Cos[2c
2e] 2 2 adeieidef sdef 3if) 12¢)
8bd 8bd 32bd*

23x2 (2def?Cos[2c] +if’Cos[2c] +2idef*Sin[2c] -f>Sin[2c]) +
16bd

33x (2d*e®fCos[2c] +2idef?Cos[2c] -f>Cos[2c] +
16bd

2id?*e®fsin[2c] -2def?sSin[2c] - if>Sin[2c])

Problem 303: Result more than twice size of optimal antiderivative.

32bd*

(Cos[2dx] +iSin[2dx])

+

+
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(e+-Fx)2Cos[c+dx]3
J dx

a+bSin[c+dx]

Optimal (type 4, 548 leaves, 16 steps):
efx f2x2 i (a®-b?) (e+fx)’ 2af(e+fx)Cos[c+dx]
+ +

+ —

2bd 4bd 3b3f b2 d2
a? - b?) (e+fx)?Log[1- o= a? - b?) (e+fx)2Log[1 - ibel™™
( ) (e+fx)"Log[1-2=20] | ) (e fx)*Log[1-">=2
- +
b3d b3d

(c+d x)

21 (a?-b?) f (e+fx) PolyLog[2, ibel 00

a-+/ a?-b?

b3 d? :
21i (a?-b?) f (e+fx) Polylog|2, ibel (ody 2 (a%-b?) f2Polylog|3, ibel

a++/ a’-b? a-+/a’-b?

b3 d? b3 d3

2 (az —bz) £2 PolyLog[B, ibelledy L
ai/a?-b? 2af?sinfc+dx] a(e+fx)*Sin[c+dx]
_ N _

b3 d3 b2 d3 b2d

f(e+fx)Cos[c+dx]Sin[c+dx] f2Sin[c+dx]2 (e+Ffx)*Sin[c+dx]?
N _

2bd? 4bd3 2bd

Result (type 4, 2397 leaves):

1

ﬁe*“‘ 48 i a’d>e?e?i“x-48ib*d>e?e?i“x+48ia’dPee?i Ffx?-48ib%’d>ee?icfx%+
48 b3 d

2a e]i (c+d x)

16ia’d® e’ x*-161b’d>e?*“f2x*>-481ia’d’ e’ e’ ArcTan| +

b (71+e21(c+dx)> ]
zaej(c+dx)
b (_1+ezj (c+dx))

24iabd?e?e® “Cos[dx] +48abdee!“fCos[dx] +48abdee3!¢fCos[dx] -

481 abe'“f?Cos[dx] +481abe3icf2Cos[dx] +48iabd?’ee! fxCos[dx] -
481iabd’ee?i“fxCos[dx] +48abde!“f2xCos[dx] +48abde3'¢f>xCos[dx] +
24iabd?e’“f>x?Cos[dx] -24iabd?e® “f>x?Cos[dx] +6b%d>e?Cos[2dx] +
6b>d?e?e*icCos[2dx] -6ib>defCos[2dx] +6ib?’dee* ! fCos[2dx] -3b>f2Cos[2dx] -
3b2e* ' f2Cos[2dx] +12b%2d?efxCos[2dx] +12b%d?ee* “fxCos[2dxX] -
6ib2df?xCos[2dx] +6ib?de* “f>xCos[2dx] +6b%>d?>f2x?>Cos[2dX] +
6b’d?e* > x?Cos[2dx] -24a*d*e? e®’“ Log[4a%e?® (¢'9%) 4 b? (—1+<e”<°*dx)>2] +

242 d2 e? e2ic L0g[4a2 Q21 (cvdx) | p2 (_1+ezj(c+dx))2] B

48 i b%> d? e? €2 ¢ ArcTan [

| +24iabd*e’e’“Cos[dx] -

) bej(2c+dx)
96a*d’ee? “fxlog[l+ |+
Jiae“—\/<—a2+b2> e?ic
i (2c+dx)
96b*d’ee? “fxlog[l+ be! 777 |-
iaeﬁc—\/<—az+b2> e?ic
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) bei(2c+dx)
48 a%d? €' < 2 x? Log[1 + |+
J'Lae“f\/ (—a2+b2) e?ic

) bei(2c+dx)
48 b2 d? €' “ 2 x? Log[1 + | -
Jlae“—\/(—a2+b2) e?tc
i (2cedx)
96a*d’ee? “fxlog[l+ bel 777 |+
jaej°+\/<—a2+b2> e?tc
i (2c+dx)
96b*d’ee?*“fxlog|l+ be' 777 ] -
Jiatej°+\/<—a2+b2> e?ic

) bei(2c+dx)
48 a2 d* €2 < 2 x? Log|1 + |+
J'Laze“+\/ (—a2+b2) e?ic
) bei(2c+dx)
48 b2 d? €' < 2 x? Log[1 + |+

paeic. [t e e
) jbei(2C+dX)
96 1 (a®-b*) de?'f (e+fx) Polylog|2, |+
ae“+1‘1\/<—a2+b2) e?tc
) bei(2c+dx)
961 (a*-b*) de*'“f (e+fx) Polylog|2, - | -
jae“+\/(—a2+b2) e?tc
. i (2c+dx)
96 a® e?*© 2 PolyLog|3, tbe 770 |+
ae“+1’1\/<—a2+b2> e?tc
: 1 (2c+dx)
96 b? €2 ' < f2 Polylog|3, ibe 707 ] -
aejc+i\/(—a2+b2> e?ic

) bei(2c+dx)
96 a> e?! < f2 Polylog|3, - |+
jaeic+\/(—a2+b2) e?ic
. bei(2c+dx) .
96 b2 e?* ¢ f2 Polylog|3, - | +24abd’e’e* “Sin[dx] +
jaeic+\/(—a2+b2) e?tc
24abd?e?e®'¢Ssin[dx] -481iabdee!“fSin[dx] +481abdeei¢fSin[dx] -
48 abel“f2Sin[dx] -48abeicf>Sin[dx] +48abd?ee! fxSin[dx] +
48abd’ee®icfxSin[dx] -481iabde!“f2xSin[dx] +48iabde!¢f>xSin[dx] +
24abd?e'“f2x?Sin[dx] +24abd? e ¢ f2x%2Sin[dx] -
6ib>d?>e?Sin[2dx] +6ib%>d?e?e*i¢Sin[2dx] -6b>defSin[2dx] -
6b’dee* i fsin[2dx] +31b?2Ff2Sin[2dx] -31b%e** f2Sin[2dx] -
12ib?d?efxSin[2dx] +12ib?d*’ee* i fxSin[2dx] -6b%2df>xSin[2dx] -

6b2de*tcf2xSin[2dx] -61b2>d?f>x?>Sin[2dx] +6ib?d?e* 2 x?Sin[2dx]

Problem 304: Result more than twice size of optimal antiderivative.



(e+fx) Cos[c+dx]?

J

a+bSin[c+dx]
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dx

Optimal (type 4, 351 leaves, 13 steps):

fx i (a?2-b?) (e+fx)® afcCos[c+dx]
. .
4bd 2b3f b2 d?
a? - b?) (e+fx) Log[1- ibe =™ a?-b?) (e+fx) Log[1- ibe ™
( ) (e+fx) tog[1- 222 ) (e+fx) Log| W
- +
b3d b3d
i (a?-b?) fPolyLog[2, L2 "] ;i (a2-b?) fPolylog[2, L=
1( ) [ ai\/ﬁ} 1( ) { a+\/ﬁ:|
b3 d? " b3 g2 *
a(e+fx)sin[c+dx] fCos[c+dx]Sinfc+dx] (e+fx) sin[c+dx]?
b2 d 4bd? 2bd

Result (type 4, 816 leaves):

8abfCos[c+dx] +2b>d (e+fx) Cos[z(c+dx)}—8a2deLog[1+M}+
8 b3d? a
8b2deLog{1+—bsm[cmx}}+8a2c1:Log[1+—bsm[vfdx]]—8bZC1‘:Log[1+—bSln[CerXJ
a a a
arb
N (a-b) Cot[: (2c+n+2dX) ]|
a’f Ji(—2c+7r—2dx>2—32j1Ar‘cSin[ | ArcTan| 4 -
V2 Va2-b?2
aib
b i (—a+ a? - b? ) e 1 (crdx)
4|-2c+n-2dx+4ArcSin| || Log[1- |-
7z 2
a+b
b i (a+ a2 - b2 ) e 1 (c+dx)
4|-2c+m-2dx-4ArcSin| || Log[1+ |+
V2 b
4 (-2c+m-2dx) Logla+bSin[c+dx]] +8 (c+dx) Log[a+bSin[c+dx]] +
1 (7a+\/ﬂ) e 1 (cxdx) 1 (a+m) et (cvdx)

81 [PolyLog|2,

]

b

+Polylog|[2, -
b

]

} _

+
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a+b
b (a—b) COt[l<2C+7T+2dX>]
b2 f Ji(—2c+7r—2dx>2—32j1Ar‘cSin[ | ArcTan| 4 | -
Vz Jaw
a+b
b i (—a+ a2 _ b2 ) e-i (c+dx)
4 —2c+ﬂ72dx+4Ar'cSin[ } Log[l— }—
V2 b
a+b
b i (a+ a2 - b2 ) e 1 (c+dx)
4|-2c+m-2dx-4ArcSin| || Log[1+ |+
V2 b

4 (-2c+m-2dx) Logla+bSin[c+dx]] +8 (c+dx) Log[a+bSin[c+dx]] +

i (—aJr\/aZ—b2 ) e 1 (crdx) i (a+\/ﬂ) e-1 (c+dx)
" | +PolyLog|2, - "

8i |PolyLog|2,

N

8abd (e+fx)Sin[c+dx] - b2 fsin|2 (c+dx>]

Problem 306: Result more than twice size of optimal antiderivative.

(e+fx)’sec[c+dx]
J dx

a+bSin[c+dx]

Optimal (type 4, 937 leaves, 29 steps):
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i(c+dx)

b (e+fx)’Log[1- 2"

a-+/ a?-b?

2ia(e+fx)’ArcTan[e! (¢4 ]

(a2-b?) d 7 (a2-b?) d

i(c+dx)

b (e+fx)>Log[1- *oe—"
(e+Fx)" Log] asf a2 b2 b (e+fx)>Log[1+e2 (cxdx) ]
+

(a2-b?) d (a2-b?) d

+

3iaf (e+fx)?Polylog[2, -ie! (<40 ] 3iaf (e+fx)?Polylog[2, i e (%]
(a% - b?) d? (a? - b2) d?

+

i(c+dx) c+dx)

3ibf (e+fx)?Polylog[2, *2¢ 3ibf (e+fx)?Polylog|2, ¥}

a-y/a’-b? a+/ a?-b?

+ —

(a2 - b2) @2 (a2 - b2) @2

3ibf (e+fx)?Polylog[2, -e?t (4] 6af? (e+fx) Polylog[3, -ie! (4% ]
2 (a2 b7 &2 ENTE

+

i(c+dx)

6bf2 (e+fx) Polylog[3, *2¢

a-+/ a?-b?

6af? (e+fx) Polylog|3, ie! (c:dx ]
(a®-b?) d? (a%-b?) d?

6bf2 e+ fx) PolylLog[3, 12 =
(e x) PolyLog|3, anfatb? 3bf? (e+fx) Polylog|[3, -e?! (c+dx) |
.

(a2-b?) d? 2 (a?-b?) d?

61iaf3Polylog[4, -ie! (“¥¥] 6iaf’Polylog[4, ie! (4% ]
+ _

(a? - b?) d* (a? - b?) d*

61 b Polylog[4, 2 ““'] 6 bf3PolyLog[s, 10

a-y/a’-b? ai/a? b 3ibf>Polylog|4, -e2t (4% ]

(a2 - b2) d* . (a2 - b2) d* ’ 4 (a2 -b2) d*
Result (type 4, 1977 leaves):
i (c+dXx)
- ! 8iad®e®ArcTan[e’ 9% ] + 41 bd?e?ArcTan| 2ae C ] -
4(a—b) (a+b) d4 b(71+e21(c+dx)>

12ad’e? fxlog[l-ie' (9] -12ad’ef>x?Log[1-ie! (<90 ] -

dad®fx3Log[1-ie! (9] +12ad®e? fxlog[l+ie (9] 4

12ad’ef?x?Llog[1+ie* 9] +4ad® £ x> Log[1+ie! (9] -4bd®e®Log[1+e?! (9] -
12bd®e® fxlLog[l+e? (<90 ] —12bd>ef? x? Log[1+e?® (19X ] -

4bd3F3x3 Log[1+<e2“c*dx)] +2bd3 e Log[4a2 @2t (cvdx) | 2 (—1+<e“(c+dx))2] +

- bej(2c+dx)
12bd®e? fx Log[1+ ]+

jaeic—\/(fa%bz) e2ic
i (2c+dx)
12bd®e £ x2 Log[1+ be' 777 ]+
Jiaejc—\/<—a2+b2> e2ic
be]i(2c+dx)
4bd®f*x*Log[1+ | +12bd®e? fx
J'lae“—\/(—az+b2) e?tc
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be (2 c+d x) be (2 c+d x)
Log[1 + | +12bd® e f2 x? Log |1 + |+
J'lae“+\/(fa2+b2) e?ic jae“+J(fa2+b2) e?ic
be (2 c+d x) .
4bd® £ x° Log[1+ | -121ad?f (e+fx)?Polylog[2, -ie! (90 ]+
jaeic+\/(—az+b2) e?ic
121’1ad2f(e+-Fx)2PolyLog[2 ie* (¢99] 1 61ibd?e’fPolylog|2, - (9% ]
12]1bd2e-F2xPolyLog[ @21 (cxdx) } +61bd?f3x2 PolyLog[ Zl“*dx)] -
Jlb(e (2 c+d x)
12 i b d? e f PolyLog| 2, |-

aejc+jJ<—az+b2> e?ic

J].bte (2 c+d x)

24 i bd? e f*xPolylLog|2, ] -
ae“+j\/(7a2+b2) e?tc
Jlbe (2 c+dx)
12 i b d* f* x? Polylog| 2, ] -
ae“+1’1\/(—a2+b2) e2ic
b(E (2 c+dx)
12 i bd*e? f Polylog|2, - ] -
jaeic+\/(_a2+b2) e2ic
be (2 c+dx)
24 i bd*e f2xPolylog|2, - ] -
iaejc+\/(—a2+b2) e2ic
be (2 c+d x) .
12 i bd? f* x? Polylog|2, - ] +24adef?Polylog[3, -iel (4] +

jaejc+\/<—a2+b2> e?ic
24adf?xPolylog[3, -ie’ (9% ] -24adef’Polylog|3, ie' (9] -
24adfxPolylog[3, ie' (Y] -6bdef’Polylog|[3, -e** (9] -

i be (2 c+d x)

ae“+1’1\/(—a2+b2) e?ic

6bdf>xPolylog|3, -e*! (<] ;. 24bde f2 PolyLog|3,

] +

]lbte (2 c+d x)
24bd 3 x Polylog|3, ]+
aej‘c+jl\/(fa2+b2> e?ic
be (2 c+dx)
24bdef?Polylog[3, - |+

jae“+J(7a2+b2) e?ic
3 b(E (2 c+dx)
24bd 3 xPolylog|3, - ]+
jae“+¢(—a2+b2) e?ic

24 i af?Polylog|4, -ie (“9¥ ] -24iaf’Polylog|4, ie" (<40 ] -

Jlb(e (2 c+d x)

ae“+i\/(—a2+b2) e?ic

3ibfPolylog[4, -e*! (<*99)] 424 i b f> PolyLog|4,

} +

. 5 b(e (2 c+d x)
241 b > Polylog|4, - ]

Jlae“+\/<—a2+b2> e?ic




Mathematica 11.3 Integration Test Results for 4.1.10 (c+d x)~m (a+b sin)”~n.nb | 133

Problem 308: Result more than twice size of optimal antiderivative.

(e+fx) Sec[c+dx]

dx

J

a+bSin[c+dx]

Optimal (type 4, 413 leaves, 19 steps):

. b (e+fx) Log[1- L] b (e, fx) Log[1- L]
2ia (e +fx) ArcTan[e* (¢+dx | ) afaor anfab?
(a2 -b?) d (a2-b?) d (a?-b?) d
b (e+fx)Log[1l+e2i (@] jafPolylog[2, -ie’ ©¥¥] iafPolylog|2, ie! (<4 ]
+ - +
(a2-b?) d (a2 -b?) d? (a2 -b?) d?
i bfPolyLog[2, 12 “*U) i fpolylog[2, ‘el
i oly Og[ > oS } 1 oly Og[ > N i b-FPolyLog[Z, _e2i (c+dx)]
V N V _
(a% - b?) d? (a% - b?) d? 2 (a%-b?) d?
Result (type 4, 2580 leaves):
belog[1+ —'—LbSi”:*dx ] bcflog[1l+ —M”:*dx ]
i (a2-b?) d ’ (a2 - b?) o i
1 b2 (c+dx) Log[a+bSin[c+dx}]71
(a2 - b2) d? b b
a+b
1 = 2 b a—b)Tan[l(—CJrl—dx)}
—fj(—c+f—dx +4J'1Ar‘cSin[ ]Ar‘cTan[ 2 2 ]+
2 2 V2 a?-b?
+b . -
7T ab (a7 a2 _p2? ) el(—c+;—dx)
-c+ = -dx+2ArcSin| || Log[1+ |+
2 V2
bAs a;b (a+ a?-b? ) et (-eri9x]
—c+f—dx—2Ar‘cSin[ ] Log[lJr ]—
2 NEY

7T
(—C+——dx
2

Log[a+bSin[c+dx]] -

+
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(a-az-p7 ) e [eri (2 va 07 | ot o]
Pol y -
b } + Po yLog[Z o

i

PolylLog [2, -

]

([zb (de-cf) Log[Sec[% (c+dx”2} +2(a-b) (de-cf) Log[l—Tan[% (c+dx)]]-

2 (a+b) (de-cf) Log[1+Tan[§ (c+dx)]]+f [2 (c+dx)

bLog[Sec[% <c+dx)]2} +
(a-b) Log[lfTan[i (c+dx)]] - (a+b) Log[1+Tan[§ (c+dx)]]|+
b (72 (c+dx) Log[Sec[% (c+dx)]2] +2 (c+dx) Log[fj+Tan[§ (c+dx)]]-

ZJ‘LLog[1 (17]'1Tan[1 (c+dx)]
2 2

]Log[q‘uTan[% (c+dx)]]+
jLog[—j+Tan[§ (c+dx)]]2+2 (c+dx) Log[j+Tan[§ (c+dx)]]+

ZJ'LLog[l (1+1’1Tan[1 (c+dx)]
2 2

]Log[j+Tan[% (c+dx)]] -
JiLog[Ji+Tan[§ (c+dx)H2+2j1PolyLog[2, % [l—iTan[% (c+dx)]
1K

Log[(§+i—] (—1+Tan{% (c+dx)]

} _

. 1 ) 1
2i Polylog[2, ~ (1+1Tan[; (c+dx)]
2

2i (a-b) (Log{l—Tan[% (c+dx)]]

} _

Log[% ((1+i) +(1-1) Tan[1 (c+dx)})}] + PolylLog|2, (_l_ji

2 2 2
1 Ji]
R —
2 2

—1+Tan[l (c+dx)]

| - PolyLog|2,
2

(—1+Tan[% (c+dx)]

] -

2i (a+b) ( —Log[%((lui)—(l—j)Tan[%(c+dx”)}+Log[
(—%—i*) [1+Tan[§(c+dx” })Log[1+Tan[%(c+dx)]]—PolyLog[2,
[%—if] (1+Tan[§ (c+dx”)}+PolyLog[2, [§+§] (1+Tan[§ (c+dx”)]])]
ae acf af (c+dx) be bcf bf (c+dx)
[(a2b2_<a2b2)d+ (a2 - b?) d Sec[“dxh[_abe (a2-b2)d  (a2-b2)d

Tan[c +dXx]

/

(a-b) (defcf)Sec[i(CerxHZ 1
_ 1_Tan{%(c+dx>} +2b(de7cf)Tan[2(c+dxH,

d

(a+b) (de-c¥) Sec[i (c+dx>]2

+

1+Tan[% (c+dx) ]
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f |2

bLog[Sec[% <c+dx)]2] +(a-b) Log[l—Tan[% (c+dx)]]-

1
(a+b) Log[1+Tan[; (c+dx)H] +

b|-2Log[sec| > (c+dx)]’] +2Log[ i+ Tan[ > (cedx)]]+

2 2

2Log[i+Tan[§ (c+dx)]] - L08[1+§ (—1+J’1Tan[§ (c+dx>”] Sec[i (c+dx)]?

1—]’1Tan[i (c+dx”

Log[—i+Tan[§ (c+dx)]] Sec[i (C+dx>]2

1—1’1Tan[§ (c+dx>]

Log[1+% (—l—iTan[i (c+dx)”] Sec[% (C+dx)]2 _

1+11Tan[i (c+dx)}

Log[i+Tan[§ (c+dx)]] Sec[i (C+dx”2

1
1+J'1Tan[i(c+dx” —2(c+dx)Tan[;<c+dx)]+

(c+dx) Sec[% (c+dx”2 iLog[% (l—iTan[i (c+dx)])] Sec[% (c+dx)}2

,]'1+Tan[§<c+dx>] —1'1+Tan[i(c+dx)] +

iLog[—i+Tan[% (c+dx)]] Sec[% (c+dx)]2 (c+dx) Sec[% (c+dx)]2

—11+Tan[i<c+dx)] ' j+Tan[i(c+dx)]

Log 2 (15 Tan[2 (e rdx) ] sec[ £ [c - dx)

11+Tan[i <c+dx)]

JiLog[jHTan[i (c+dx)]] Sec[i (C+dx”2

+

J'1+Tan[i (c+dx)}

2 [csdx] _(a—b) Sec[z(c+dx)]2+bTan[1(c+dx>]_ (a+b) Sec[%(c+dx)]2 )
2(1—Tan[i(c+dx)]) 2 2(1+Tan[§<c+dx)])
21’1(a+b) [ —Log[i[(1+J’1)—(1—1’1)Tan[%(c+dx)] ]+Log[ —i—if]
{1+Tan[%(c+dx)} })Sec[%(c+dx)]2)/ 2(1+Tan[§(c+dx”)]—
Log{l—[§+if) [1+Tan{%(c+dx” }Sec[%(urdx)]z]/
[2 (1+Tan[%(c+dx)] ]+ Log[l—[i—%) [1+Tan[§(c+dx” }
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Sec[l (c+dx)]2)/ (2 (1+Tan[l (c+dx)]

2 2
(%—%)Sec{%(c+dx>]2 ) Sec[%(c+dx”2
(1

+]1>7(17]1)Tan[§<c+dx)] 2(1’1+Tan[§<c+dx)])

+Log{1+Tan[§ (c+dx)]]

((1+i)+<1_i)

/[2 (1—Tan[§ (c+dx)]
]Sec[l (c+dx)]2)/

Log[1+ 11 —1+Tan[1<c+dx)]
2
Log[1+(l+

2 2
[2 ]— -1+
2 2

|
Sec[% (c+dx)]2)/ (2 (—1+Tan[§ (c+dx)]
<

2i (a-b) Log| §+i—] (—1+Tan{§(c+dx)}

|

| - Log|

N |

]

Sec[1 (c+dx”2

Tan[%(c+dx” A

Ix

—1+Tan[§ (c+dx)]

Sec{%(c+dx>]2 (%—i—)Sec[% +

2(-ieTan[t (codx)]] (1+i)«(1-5) Tan[E (cedx)]

I

Problem 310: Result more than twice size of optimal antiderivative.

(e+-Fx)3Sec[c+dx]2
J dx

a+bSin[c+dx]

Optimal (type 4, 923 leaves, 29 steps):
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ia(e+fx)> 6ibf (e+fx)?ArcTan[e! (4% ]
- - +

(a2 -b?) d (a% - b?) d?

i (cedx)

ib? (e+fx)’Log[1- 7“@»(0“3} ib? (e+fx)>Log[1- Lbe

a-+/ a2-b? a+/ a2-b?

- +

(a2 -b%)%%d (a?-b%)*%d

3af (e+1‘x)2Log[1+(e“L (c+dx) ] 61ibf? (e+fx) Polylog[2, -i el (<% ]
N _

(a2 - b?) d? (a? - b?) d?

3b2f (e + fx)2Polylog|2, ibe =™
61ibf? (e+fx) Polylog|2, i e’ (<4X] (e +Fx)*PolyLog[2, 22?02

+ —

(az—b2> d? (az_bz>3/2dz

i (cedx)

3b2f fx)2PolylLog[2, Lt
e+ x)"Poly og| Y peare ] 3iaf? (e+fx) PolylLog[2, -e2* (c+dx) |

(a? - b2)>/? g2 (a?-b2) d?

6bf>Polylog|3, -ie! (¥ | 6bfPolyLog|3, ie! (4% ]
+
(a2 -b2) d* (a?-b2) d*

61 b2 f2 (e + f x) Polylog|3, ibel 900 ] 6ib?f? (e+fx) PolyLog|3, ibe 090

a-+/ a?-b? a++/ a?-b?

(a2 -b?)%% 3 _ (a2 - b%)%'% & )
. 6 b? f3 Polylog[4, ‘P —
3af3Polylog|3, -e?! (c+dX)] 2222
- +
2 <a2 —bz) d4 (a27b2)3/2 4t
6 b2 f3 PolyLog|[4, ibell0® , s
2/ a?_b? b(e+fx)*Sec[c+dx] a(e+fx)’Tan[c+dx]
- +
(asz2>3/2 d4 <a2_b2) d (aZ_b2> d
Result (type 4, 2241 leaves):
b (e+fx)>Sec(c] 1
(-a%+b?)d (a? - b2)32 d“\/ (-a2+b?) (Cos[2c] +iSin[2c])
b (C 2 d 1 Sin[2 d
ib?[3i+/a?-b? d®e’fxLog|l+ (Cos{2c+dx) +isin{2c+dx)) ]

iaCos[c] +\/ (-a%+b?) (Cos[c] +JiSin[c])2 ~asin[c]

(Cos[c] +isSin[c]) +3ia’-b*> def’x?

b (Cos[2c+dx] +iSin[2c+dx])

Log[1 + ](Cos[c]+jsin[c])+
iaCos| +\/ a2+ b?) (Cos|c }+1‘1$in[c])2 -~asSin[c]
i\/ﬁd3f3x3Log[1+ b (Cos[2c+dx] +iSin[2c+dx]) ]

iacos[c] +\/(7a2+b2) (Cos[c] +isSin[c])?

(Cos[c] +isSin[c]) +3+/a?-b? d*f (e+fx)?

-aSin[c]
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b (Cos[2c+dx] +iSin[2c+dx])

PolyLog [2,

]

iacCos]| +\/( a?+b2) (Cos[c] +1iSin[c])? -asSin[c]

(Cos[c] +iSin[c 3+/a%- (e+Fx) ? PolyLog|2,

b (Cos[2c+dx] +1$1n[2c+dx1)

| (Cosfc] +isSin[c]) +

-iacCos[c] +\/ (-a%+b?) (Cos[c] Jr]'LSin[c])2 +asin[c]

b (C 2 d i Sin[2 d
6J'l\/ﬁdeszolyLog[?a,— (Cos[2c+dx] +iSin[2¢+dx]) ]
iacCos[c] +J<—a2+b2> (Cos[c] +iSin[c])? -asSin(c]

(Cos[c] +isSin[c]) +61i+/a®-b® df’xPolylog|3,

b (Cos[2c+dx] +iSin[2c+dx])

| (Cos[c] +iSin[c]) -

iacCos[c] +\/ (-a%+b?) (Cos[c] +jSin[c])2 -~asSin[c]

smPPolyLogH,— b (Cos[2c+dx] +iSin[2c+dx]) ]
iacCos[c] +\/(7a2+b2) (Cosc] +jSin[c])2 —asin[c]

—

Cos[c] +1iSin[c]) +

GﬁPPolyLogH, b (Cos[2c+dx] +iSin[2c+dx]) ]
-iacCos[c] +\/(—a2+b2) (Cosc] +JiSin[c])2 +asin[c]

(Cos[c] +isin[c]) +3+/a*-b* d®e’fx

b (Cos[2c+dx] +iSin[2c+dx])

Log[1 - | (-iCos[c] +Sin[c]) +

~iacCos[c] +J<—a2+b2> (Cos[c] +JiSin[c1>2 +asSin[c]

3\/ﬁd3efzxzmg[li b (Cos[2c+dx] +iSin[2c+dx]) ]
-iacCos[c] +\/(7a2+b2) (Cos[c] +iSin[c])® +asSin(c]

(-1 Cos[c] +Sin[c]) ++/a*-b* d® £ %3

b (Cos[2c+dx] +iSin[2c+dx])

Log[1-

| (-iCos[c] +Sin[c]) +
-1acCos[c] +\/<—a2+b2> (Cos[c] +JiSin[c}>2 +aSin[c]

b (C 2 d 1Sin[2 d
GmdeszolyLog[B, (Cos[2c+dx] +iSin[2c+dx]) ]
-iaCos[c] +\/(—a2+b2) (Cos[c] +JiSin[c1)2 +asSin[c]

(-iCos[c] +Sin[c]) +6+/a®-b? df>xPolyLog|3,

b (Cos[2c+dx] +iSin[2c+dx])

| (-iCos[c] +Sin[c]) -

-iacCos[c] +\/(7a2+b2) (Cosfc] +isSin[c])? +asSin[c]
bCos[c+dx] +i (a+bSin[c+dx])
Va2 - b2

e Sln[dfx] +3e2-Fx51n[fX} +3ef2x251n[fx} +f3x3Sin[M]
2 2 2 2

21i d?e®ArcTan| ]\/(—a2+b2) (Cos[2c] +iSin[2c]) |+

+

(a b)d(Cos[i]—Sin[ﬂ) (Cos[ierT]—Sln[i dTX”
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e3Sin[d—] +3e2foin[d—X} +3e-FZXZSin[d—X} +f3x3Sin[d—X]
2 2 2 2

(a-b)d (Cos[i] +Sln[§” (Cos[§+d7"] +Sln[§+dx])
1
2 (a%-b?) d*
f(-6iad’e®x-6iad’efx’-2iad’fx’-12ibd*e’ArcTan[Cos[c+dx] +iSin[c+dx]] -
24ibd?efxArcTan[Cos[c+dx] +1Sin[c+dx]] -
121 bd?f2x? ArcTan[Cos[c+dx] + 1 Sin[c+dx]] +
6ad?e?log[1+Cos[2 (c+dx)]+isSin[2 (c+dx)]]+
12ad’efxlog[1+Cos[2 (c+dx)]|+isSin[2 (c+dx)]]+
6ad? f2x?Log[1+Cos[2 (c+dx)|+iSin[2 (c+dx)]]-
12ibdf (e+fx) PolylLog[2, i Cos[c+dx] -Sin[c+dx]] +
12ibdf (e+fx) Polylog[2, -iCos[c+dx] +Sin[c+dx]] -
6iadefPolylog|2, -Cos[2 (c+dx)]|-1iSin[2 (c+dx)]]-
6iadf?xPolylog[2, -Cos[2 (c+dx)|-iSin[2 (c+dx)]]+
12 b 2 Polylog[3, i Cos[c+dx] -Sin[c+dx]] -
12 b f2 Polylog[3, -i Cos[c+dx] +Sin[c+dx]] +
3af?Polylog|3, -Cos[2 (c+dx)|-1isin[2 (c+dx)]|]+
6ad’e’xTan[c] +6ad’efx*Tan[c] +2ad’f*x*>Tan[c])

Problem 311: Result more than twice size of optimal antiderivative.

(eJr-Fx)ZSec[Cerx]2
J dx

a+bSin[c+dx]

Optimal (type 4, 659 leaves, 24 steps):
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(c+dx)

ib? (e+fx)?Log[1- *re—"

a-+/a?-b?

ia(e+fx)? 4ibf (e+fx)ArcTan[e! (+¢X)]
_ . .

(az—bz)d (az—b2>d2 (az_b2>3/2d

. bz £ 2 L 1- ibet(crdx]
1 (e+ X) og[ W 2af (e+fx) Log[1+ezi (c+dx)]
+

(a2 -b%)%%d (a?-b?) d? '
2ibf2Polylog(2, -ie! (9] 2ibf2Polylog|2, i el (¢+dX |
- +
(a2 -b?) d? (a2 -b?) d?
2b%f (e+fx) Polylog|2, ibel 0% 2b2f (e+fx) Polylog|2, ibel 90
a-y/a’-b? a+/ a2-b2
(az—b2)3/2 42 - (az_b2>3/2 42 -

i (c+dx)

2 i b%f?Polylog [3, ibe ©°H

a-+/ a2-b?

iaf? PolyLog[Z, - @2t (crdx) ]
+ _
(a27b2> d3 (az —b2)3/2 @

2 i b2 f2 Polylog[3, ‘be =™
3 s a2 b(e+fx)*Sec[c+dx] a(e+fx)*Tan[c+dx]
- +

(a2 -b%)%% (a®>-b%)d (a2-b?)d

Result (type 4, 1368 leaves):
b (e+Fx)2Sec[c]
(-a2+b?)d
(2aefsec[c] (Cos[c] Log[Cos[c] Cos[dx] -Sin[c] Sin[dx]] +dxSin[c])) /

+

[ -iSin[c]-i Cos[c] Ta“[dﬂ ]

41befArcTan
((a®-b?) d (Cos[c]?+Sin[c]?)) + Cos[el™+5in[e] .
(a2 - b?) dz\/cOs[c12+Sin[c]2

d2 efiArcTan[Cot[c]] 2 1

af?Csclc) x? -

1+ Cot[c]?
Cot[c] (idx (-m-2ArcTan[Cot[c]]) -Log[l+e 2 %] -2 (dx-ArcTan[Cot[c]])
Log[1 - g2t (dx-ArcTan(Cotic]]) ], ;| og[Cos [d x]] - 2 ArcTan[Cot[c]]
Sec[c]]/

Log[Sin[dx - ArcTan[Cot[c]]]] + i Polylog|2, e** (dx-ArcTaniCotic]]) |

1
2 12\ 43 2 2 i 2 Y
(o0 o e T
b
_FZ
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1

1+ Cot[c]?

Csc[c] ((dx—Ar‘cTan[Cot[c}]) (Log[l—cejl (d x-ArcTan[Cot[c]] ] Log[1+<e1 dXA'"CTa”[C“[C”)” +

i (d x-ArcTan[Cot([c]]) } (d x-ArcTan [Cot [ ] ) )

i (Polylog|2, -e - Polylog|[2, e

2 ArcTan[Cot[c]] ArcTanh

[ Sin[c]+Cos[c] Tan[‘%} ]

Cos[c]?+Sin[c]?

\/Cos 24+Sin[c]?

1

(a% - b2)3/2 d3\/ (-a2+Db?) (Cos[2c] +iSin[2c])

ib?|2+/a%-b? df(e+1cx)

b (Cos[2c+dx] +iSin[2c+dx])

Polylog|[2, -

]

iacCos[c] +\/(—a2+b2) (Cosc] +JiSin[c])2 —asSin[c]

(Cos[c] +isSin[c]) -2+/a*-b*> df (e+fx) Polylog|2,

b (Cos[2c+dx] +iSin[2c+dx])

| (Cos[c] +isin[c]) -

-iaCos[c] +\/(—a2+b2) (Cos[c] +JlSin[c])2 +asSin[c]
-2+/a%*-b? f?Polylog|3, —((b (Cos[2c+dx] +jSin[2c+dx}))/
[]iaCOS[C] +\/(—a2+b2) (Cosc] +jSin[c})2 —aSin[c]])} (Cosf[c] +isSin[c]) +

2+/a”-b* f>Polylog|3, (b (Cos[2c+dx] +JiSin[2c+dx]))/

[—JiaCos[c] +\/ (-a®+b*) (Cos[c] +J'LSin[c])2 +aSin[c1)} (Cos[c] +isSinfc]) +

d? [xlaz—bz fx (2e+fx) (—Log[1+ (b (Cos[2c+dx] +JiSin[2c+dx]))/

(jaCos[c} +\/(—a2+b2) (Cosc] +jSin[c])2 —aSin[c])] +

Log[1- (b (Cos[2c+dx] +iSin[2c+dx}>)/ (—J’laCos[c] +

\/(—a2+b2) (Cos[c] +isSin[c])? +aSin[c})})
bCos[c+dx] +i (a+bSin[c+dx])

4/aZ_b2

Cos[c] +1Sin[c]) +2e?ArcTan
( )

]

\/ (-a?+b?) (Cos[2¢] +iSin[2c]) JJ} +
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eZSin[dX} +2e-Fx51n[dTX +-F2x251n[ - o
s ] osin$+ 2]

]
os |

e? sin[ 94X ] +2efx51n[dx] + f2x? sin[ 94X ]
[

2
-] vsin[ <+ %))

Problem 317: Attempted integration timed out after 120 seconds.

(e+fx)"sec[c+dx]
J dx

a+bSin[c+dx]

Optimal (type 8, 29leaves, 0steps):
(e+fx)"sec[c+dx]

Int| » X]

a+bSin[c+dx]

Result (type 1, 1leaves):

e

Problem 323: Result more than twice size of optimal antiderivative.

(e+fx)*Cos[c+dx]
J dx

(a+bsinfc+dx])?

Optimal (type 4, 357 leaves, 12 steps):

(crdx)

iaf (e+fx) Log[l—w] iaf (e+fx) Log[1- 12

a-+/ a%-b? as/a?_p?
- b (az_bz>3/2 d2 " b (az—b2)3/2 42 B
af2polylog[2, tbe = af2polylog|[2, itbe =
f2Log[a+bSin[c+dx]] Y g[ N prae } Y g[ R pege;
- +
b (asz2> d3 b <a2_b2>3/2 d3 b (az_b2>3/2 d3
(e+fx)? f (e+fx) Cos[c+dx]

+

2bd (a+bSin[c+dx])? (a?2-b?) d? (a+bSin[c+dx])

Result (type 4, 1104 leaves):
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f2 x Cot[c] 1

b (—az+b2) d2 2b (—a2+b2) d? (—1+ezjc>

M} M]

4iaeetcArcTan|
a2_p? a2_p2

ielf |4elfx+ - +

1/327b2 1/327b2

4iaee!cArcTan|

2e i fArcTan[ 22— 2] ] 2eicfArcTan[ 22 — ]
b(—1+ez"(c*dx)) b(—1+e“(c‘d"))

d d
ieicf Log[4az @21 (c+dx) | p2 (_1 4 @21 (cxdx) >2]
d +
. b el (2c+dx)
ielcf Log[4a2 g2l (crdx) | p2 <—1+ e?t (C*d”)z} 21afx Log[1+ iaeic- e(zahbz) e?ic ]
i _
d \/(—a2+b2) e2ic
2iae?icfxlog[l+ bet Berd) ] 2iafxLlog[1l+ bel 200 ]
iael-y/ (-a2+b?) €€ iael+ (-a2+b?) €€
- +
\/<—a2+b2> e2ic \/(—a2+b2) e2ic
2iae?icfxlog[ls — 2= ] 24 (-14e2ic) fPolylog[2, — el ]
iael (-a2+b?) e2ic ae'+i,/ (-a?+b?) e2ic

- +

\/<—a2+b2> e2ic d\/(—a2+b2) e2ic

2a <,1+e211c) 'FPOlyLog[Z, B b el (2cdx) ]

iael+ (faz+b2> e?ic

d./(-a2+b?) e?ic

-F2xc5c[§] Sec[i] (Cos[g] —Sin[i]) (Cos{ﬂ +Sin[§])

2b (-a+b) (a+b)d?
(e+fx)2

+

2bd (a+bSin[c+dx])?

(Csc[i] Sec[g] (-aefCos[c] -af>xCos[c] -befsSin[dx] —bfzxsin[dx])]/
2 2

(2 (a-b)b(a+b)d* (a+bSin[c+dx]))

Problem 324: Result more than twice size of optimal antiderivative.

(e+fx)3Cos[c+dx]
J dx

(a+bSin[c+dx])3

Optimal (type 4, 753 leaves, 19 steps):
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(c+d x|

3f2 (e+fx) Log[1- tbe——]

a-+/a’-b?

31 f (e+-Fx)2

2b (a2 - b?) d? b (a2 - b2) d?
3iaf(e+fx)2log[1- 10T 3£ (o fx) Log[1- ibe et
Paf (e Fx)rogl- ] (e Fx) tog[1- ]
- +
2b (a2 - b?)>'? d2 b (a2 - b?) d3

i (cedx)

3Jia-F(e+-Fx)2Log[1—jb67} 31 3 Polylog|2, ibe

a+/ a%-b? a-/ a’-b?

+

2b (a2 - b?)%'? d2 b (a2 - b2) d*

i (c+dx)

i (cedx)

2 ibe .3 ibet (c+dx)
3af? (e+fx) PolyLog|2, 7%@} 3 i 3 Polylog|2, 7& — ]
+

b (a2 - b2)>'? b (a2 - b2) d*

+

i (cedx)

3af2 (e+fx) Polylog|2, Lbe 31iaf3Polylog|3, P S ]

a++/ a2-b? a-+/ a®-b?

b (az_b2>3/2 d3 b (az_b2>3/2 d4 -
3iaf3Polylog|3, ibe =™
afPolyLog| 222 b2 ) (e+Fx)? 3f (e+fx)?Cos[c+dx]
- +
b (a2 - b?)*? d 2bd (a+bsin[c+dx])> 2 (a*-b*)d® (a+bSin[c+dx])

Result (type 4, 8931 leaves):

_ 1 3if (Cos[c] +1iSin[c])
b (-a%+b?) d? (-1+Cos[2c] +1iSin[2c])

ia ezAr,cTan[1'1a+bCos[c+dx]+1‘1bSin[c+dxl } (COS[C} _i Sin[c])

/ azibz

2efxCos[c] +f2x?Cos[c] + -

Zae,FAr,cTan[Jia+bCos[c+dx]+11bSin[c+dx} } (COS[C} _i Sin[c])

Jow 1

+
va2z-b% d 2+/a2-b?% d
: 2 ia+bCos[c+dx] +ibSin[c+dx] s 2
ef|-4+/a’-b? dx+4aArcTan| | +2+/a®-b? ArcTan|
4/a2_b2
2a (Cos[c+dx] +1Sin[c+dx]
< ) | -i+/a?-b? Log[4a?Cos[2c+2dX] +
b(-1+Cos[2c+2dx] +iSin[2c+2dx])
b2 (1+Cos[2c+2dx]+I'LSin[2c+2dx})2+4ja25in[2c+2dx]]]
]-laezArcTan[1'1a+bCos[c+dx1+ibSin[c+dx1} (COS[C] +]'lSin[C])
[a2_p2
(Cosfc] -iSin[c]) - +

4/a2_b2

zae_FAr,cTan[1'1a+bCos[c+dx]+1‘1bSin[c+dx1 } (COS[C} + ]lSin[C])

Jow 1
va2-b? d 2d
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4 a ArcTan [ ia+bCos[c+dx]+ibSin[c+dx] }

2 12
ef |-4dx+ Sl +
ﬁ/aszz
2a (Cos[c+dx] +iSin[c+dx])
2 ArcTan| | -ilog[4a®Cos[2c+2dx] +

b(-1+Cos[2c+2dx] +iSin[2c+2dx])
b? (-1+Cos[2c+2dx] +JiSin[2c+2dx})2+4ia25in[2c+2dx]]

(Cos[c] +iSin[c]) +2iefxSin[c] +if*x*Sin[c] -
2efx (Cos[c]-iSin[c]) (-1+Cos[2c] +iSin[2c]) -
f2x* (Cos[c] -iSin[c]) (-1+Cos[2c] +iSin[2c]) +2bf? (Cos[c] -1iSin[c])

(/1

ixLog[1+ (b (Cos[2c+dx] +jSin[2c+dx}>)/

+

iaCos[c] -aSin[c] —\/ (-a®+b*) (Cos[2c] +iSin[2c]) )

(J'LaCos[c} -asSin[c] —\/<—a2+b2> (Cos[2c] +isSin[2c]) )})/

|+

(d (J‘LaCos[c] —aSinj[c] —\/ (-a*+b?) (Cos[2c] +iSin[2c])

PolyLog|2, —[(b (Cos[2c+dx] +JiSin[2c+dx]))/

iaCos[c] -aSin[c] 7\/(7a2+b2) (Cos[2c] +isSin[2c]) ))}/

.

iaCos[c] -aSin[c] —\/(—a2+b2) (Cos[2c] +isSin[2c]) )))/

(732@5[2 c]+/(-a*Cos[2c] +b*Cos[2c] -ia®Sin[2c] +ib*>Sin[2c]) +
b

12]'lsin[2c] \/(-a®Cos[2c] +b*Cos[2c] -ia*Sin[2c] +jb25in[2c}>]) +
b

<

ixLog[1+ (b (Cos[2c+dx] +JiSin[2c+dx}>)/

2 (J‘laCos[q —asin[c] +\/(—a2+b2) (Cos[2c] +isSin[2c]) )) +

(jaCos[c} —asin[c] +J<fa2+b2> (Cos[2c] +isSin[2c]) )})/

| +

d

iacCos[c] -aSin[c] +\/ (-a®+b*) (Cos[2c] +iSin[2c])

PolyLog|2, —[(b (Cos[2c+dx] +JiSin[2c+dx])>/

iaCos[c] -aSin[c] +\/(—a2+b2) (Cos[2c] +iSin[2c]) ))}/

[

iaCos[c] -aSin[c] +x/(—a2+b2) (Cos[2c] +isSin[2c]) ))J/
(712COS[2C] /(-a®Cos[2c] +b*Cos[2c] -ia*Sin[2c] +ib*Sin[2c]) +
b

1
=21iSin[2c] +/(-a*Cos[2c] +b*Cos[2c] -ia®Sin[2c] +
b
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ijSin[Zc]>)) -2bf? (Cos[c] +iSin[c])

x2/ (2

ixLog[l+ (b (Cos[2c+dx] +jSin[2c+dx}>)/

iaCos[c] -aSin[c] —\/ (-a*+b?) (Cos[2c] +iSin[2c]) )

+

o

(JiaCos[c} —asSin[c] —J(—a2+b2> (Cos[2c] +iSin[2c]) )})/

|+

(d (J‘LaCos[c] ~asin[c] —\/ (-a®+b*) (Cos[2c] +iSin[2c])

PolyLog|2, 7[(b (Cos[2c+dx] +jSin[2c+dx]))/

iaCos[c] -aSin[c] —\/(—a2+b2) (Cos[2c] +isSin[2c]) ))}/

.

iaCos[c] -aSin[c] —\/(—a2+b2) (Cos[2c] +isSin[2c]) )))/
(712Cos[2c] \/(-a*Cos[2c] +b*Cos[2c] -ia’Sin[2c] +ib*Sin[2c]) +
b

1 . . 2 2 2 ¢ h2
=21iSin[2c] /(-a*Cos[2c] +b*Cos[2c] -ia*Sin[2c] +ib Sm[Zc}))) +
b

</

ixLog[1+ (b (Cos[2c+dx] +jSin[2c+dx}>)/

2 (JiaCos[c} -asSin[c) +\/(7a2+b2) (Cos[2c] +isSin[2c]) )) +

(JiaCos[c} —asSin[c] +\/<—a2+b2> (Cos[2c] +iSin[2c]) )})/

(d (J‘laCos[c] ~asin[c] +\/(—a2+b2) (Cos[2c] +isSin[2c]) )) +

PolyLog|2, -[(b (Cos[2c+dx] +JiSin[2c+dx])>/

iaCos[c] -aSin[c] +\/(—a2+b2) (Cos[2c] +isSin[2c]) ))}/

.

iaCos[c] -aSin[c] +\/(—a2+b2) (Cos[2c] +isin[2c]) )))/
(—EZCOS[ZC] \/(-a®Cos[2c] +b*Cos[2c] -ia*Sin[2c] +ib*Sin[2c]) +
b

1. .. 2 2 © 2 g Ch2 Qs
E2151n[2c] \/(—a Cos[2c] +b“Cos[2c] -1a*Sin[2c] +1b Sln[zc}>]) -

2adef xz/ (2 (J‘laCos[c] -~asSin[c] +\/(7a2+b2) (Cos[2c] +isSin[2c]) )) +

ixLog[l+ (b (Cos[2c+dx] +jSin[2c+dx}>)/

(JiaCos[c} —asSin[c] +J<—a2+b2> (Cos[2c] +iSin[2c]) )})/

|+

(d (J‘LaCos[c] ~asSin[c] +\/ (-a®+b*) (Cos[2c] +iSin[2c])

PolyLog|2, 7[(b (Cos[2c+dx] +jSin[2c+dx]))/

iaCos[c] -aSin[c] +\/(—a2+b2) (Cos[2c] +isSin[2c]) ))}/
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[

iaCos[c] -aSin[c] +\/(7a2+b2) (Cos[2c] +iSin[2c]) ))]
(-iaCos[c] -asSin[c] - (Cos[2c] -iSin[2c]) /(-a*Cos[2c] +
bZCos[Zc]—JiaZSin[Zc}+J'1bZSin[2c}>))/
1
(b(——ZCos[Zc}\/(—aZCos[Zc]+b2Cos[2c]—jaZSin[Zc]+ijSin[2c])+
b
1
—ZjSin[Zc]\/(—aZCos[Zc]+b2Cos[2c]—jaZSin[2c}+jb25in[2c]>))—
b
XZ/ (2 (J‘laCos[c] ~asSin[c] 7\/(7az+b2) (Cos[2c] +iSin[2c]) )) +

ixLog[l+ (b (Cos[2c+dx] +jSin[2c+dx}>)/

(JiaCos[c} —asin[c] —J(—a2+b2> (Cos[2c] +isSin[2c]) )})/

|+

(d (J‘LaCos[c] ~asSin[c] —\/ (-a®+b*) (Cos[2c] +iSin[2c])

PolyLog|2, 7[(b (Cos[2c+dx] +jSin[2c+dx]))/

iaCos[c] -aSin[c] —\/(—a2+b2) (Cos[2c] +isSin[2c]) ))}/

[

(-iaCos[c] -aSin[c] + (Cos[2c] -iSin[2c]) +/(-a*Cos[2c] +

iaCos[c] -aSin[c] —\/(7a2+b2) (Cos[2c] +isSin[2c]) ))J

bZCos[ZC]fjaZSin[Zc}+J‘1b25in[2c}>))/
b —EZCOS[ZCJ -a?Cos[2 b%?Cos[2c] -1 a2Sin[2 i b2Sin[2
A /(-a*Cos[2c] + os[2c] -1a%2Sin[2c] +1 inf2c]) +
lz]'lsin[zc] -a’Cos[2 b2Cos[2c] -1a?Sin[2 i b2Sin[2 -
: \/(-a®Cos[2c] +b*Cos[2c] -ia’Sin[2c] + i in[2c])

x2/ (2

(ixLog[1+ (b (Cos[2c+dx] +iSin[2c+dx}))/

2iaf?

iaCos[c] -aSin[c] +J (-a*+b?) (Cos[2c] +iSin[2c]) )

+

|

(J‘laCos[q ~asSin[c] +\/<—a2+b2) (Cos[2c] +iSin[2c]) )})/

|+

(d (J’laCos[c] -asSin[c] +\/(—a2+b2) (Cos[2c] +isSin[2c])

Polylog|2, —[(b (Cos[2c+dx] +JiSin[2c+dx]))/

(J‘laCos[c] ~asin[c] +\/(732+b2) (Cos[2c] +iSin[2c]) ))}/

.

iaCos[c] -aSin[c] +\/(—a2+b2) (Cos[2c] +isSin[2c]) )))
(-iaCos[c] -asSin[c] - (Cos[2c] -iSin[2c]) /(-a*Cos[2c] +
b2Cos[2c] -1a®Sin[2c] +inSin[2c1>))/

1 2 2 D2 e L 1D s
(b(——ZCos[Zc} /(-a*Cos[2c] +b*Cos[2c] -ia*Sin[2c] +ib*Sin[2c]) +
b
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1 . . 2 2 2 s th2 S
EZ]].Sln[ZC] v(—a Cos[2c] +b“Cos[2c] -1aSin[2c] +1b Sln[ZC}))) -

x2/ (2

ixLog[1+ (b (Cos[2c+dx] +iSin[2c+dx}>)/

iaCos[c] -aSin[c] 7\/(7a2+b2) (Cos[2c] +iSin[2c]) )) +

(iaCos[c} ~asin[c] —\/<—a2+b2> (Cos[2c] +iSin[2c]) )})/

(d (J’laCos[c] ~asin[c] -/ (-a?+b?) (Cos[2c] +iSin[2c]) )) .

Polylog|2, —[(b (Cos[2c+dx] +JiSin[2c+dx]))/

(J‘laCos[c] ~asin[c] —\/(—a2+b2) (Cos[2c] +isSin[2c]) ))}/

S

iaCos[c] -aSin[c] —\/(—a2+b2) (Cos[2c] +iSin[2c]) ))]
(-iaCos[c] -asSin[c] + (Cos[2c] -iSin[2c]) /(-a*Cos[2c] +
b2Cos[2c] -1a®Sin[2c] +ijSin[2c1>))/

1 2 2 . 2 s . 2 s
(b(——ZCos[Zc} /(-a*Cos[2c] +b*Cos[2c] -ia*Sin[2c] +ib*Sin[2c]) +
b

1 . . 2 2 2 ¢ h2
=21iSin[2c] /(-a*Cos[2c] +b*Cos[2c] -ia*Sin[2c] +ib Slh[ZC])))) -
b

adf?

x> / |3 [iaCos[c] -asSin[c] ++/ (-a*+b?) (Cos[2c] +iSin[2c]) ||+
[0/ 2] J )

ix?Log[1+ (b (Cos[2c+dx] +J‘1$in[2c+dx]))/

(jaCos[c} —asSin[c] +\/<—a2+b2> (Cos[2c] +isSin[2c]) )})/

|+

(d (J‘LaCos[c] —aSinj[c] +\/ (-a*+b?) (Cos[2c] +iSin[2c])

2 x Polylog|2, 7[(b (Cos[2c+dx] +jSin[2c+dx}))/

(jaCos[c] -asin[c] +\/(7a2+b2) (Cos[2c] +isSin[2c]) ))})/

5

iaCos[c] -aSin[c] +\/ (-a®+b*) (Cos[2c] +iSin[2c]) )

+

(ZjPolyLog[B, —[(b (Cos[2c+dx] +jSin[2c+dx])>/

iaCos[c] -aSin[c] +\/(—a2+b2) (Cos[2c] +iSin[2c]) ))})/

d3

iaCos[c] -aSin[c] +\/(7a2+b2) (Cos[2c] +isSin[2c]) ))J
(-iaCos[c] -aSin[c] - (Cos[2c] -iSin[2c]) +/(-a*Cos[2c] +

b2Cos[2c] -1a?Sin[2c] +ijSin[2c}>))/
[b (—32C05[2c1 \(-a*Cos[2c] +b*Cos[2c] -ia*Sin[2c] +ib*Sin[2c]) +
b

l21'1$in[2c] \/(-a®Cos[2c] +b*Cos[2c] - ia’Sin[2c] +jbzsin[2c})]) -
b
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x3/ (3 (J‘laCos[c] ~asSin[c] —\/(—a2+b2) (Cos[2c] +isSin[2c]) )) +

ix*Log[1+ (b (Cos[2c+dx] +jSin[2c+dx]))/

(jaCos[c} —asin[c] 7J<7a2+b2) (Cos[2c] +isSin[2c]) )})/

|+

(d (J‘LaCos[c] ~asSin[c] —\/ (-a®+b*) (Cos[2c] +iSin[2c])

2 x Polylog|2, 7((b (Cos[2c+dx] +jSin[2c+dx}))/

iaCos[c] -aSin[c] —\/(—a2+b2) (Cos[2c] +isSin[2c]) ))})/

+

[

iaCos[c] -aSin[c] —\/ (-a®+b*) (Cos[2c] +iSin[2c]) )

(ZiPolyLog[B, —[(b (Cos[2c+dx] +JiSin[2c+dx]))/

iaCos[c] -aSin[c] —\/(—a2+b2) (Cos[2c] +isSin[2c]) ))})/

.

iaCos[c] -aSin[c] —\/(—a2+b2) (Cos[2c] +isSin[2c]) ))J
(-iaCos[c] -aSin[c] + (Cos[2c] -iSin[2c]) +/(-a*Cos[2c] +

b2Cos[2c] -1a?Sin[2c] +J‘1bZSin[2c}>))/
(b (7EZCOS[2C} /(-a*Cos[2c] +b®Cos[2c] -ia®Sin[2c] +ib?Sin[2c]) +
b
lz]'lsin[zc] \/(-a®Cos[2c] +b*Cos[2c] -ia*Sin[2c] +jb25in[2c]>])J +
b

xz/(z )+

(ixLog[1+ (b (Cos[2c+dx] +iSin[2c+dx1))/

2adef iaCos[c] -aSin[c] +\/(—a2+b2) (Cos[2c] +isin[2c])

(J‘laCos[c} ~asSin[c)] +\/<—a2+b2) (Cos[2c] +iSin[2c]) )})/

|+

(d (J’laCos[c] —aSinj[c] +\/(—a2+b2) (Cos[2c] +isSin[2c])

Polylog|2, —[(b (Cos[2c+dx] +Jisin[2c+dx]))/

(J’laCos[c] ~asSin[c] +\/(7a2+b2) (Cos[2c] +isSin[2c]) ))}/

[

iaCos[c] -aSin[c] +x/(—a2+b2) (Cos[2c] +isSin[2c]) ))J
(Cos[2c] +isSin[2c]) (-iaCos[c]-aSin[c] - (Cos[2c] -iSin[2c])
\/(—aZCos[Zq+b2Cos[2c1—iaZSin[2c1+jbzsin[2c]))]/

1 2 2 L2 s D12 s
(b(—EZCos[Zc} \/(-a*Cos[2c] +b*Cos[2c] -ia*Sin[2c] +ib*Sin[2c]) +

1 . . 2 2 2 s Ch2 QS
EZ]].Sln[ZC] \/(—a Cos[2c] +b“Cos[2c] -1aSin[2c] +1b Sln[ZC}))) -

x2/ (2

iaCos[c] -aSin[c] —\/(—a2+b2) (Cos[2c] +isSin[2c]) )) +
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ixLog[1+ (b (Cos[2c+dx] +1’LSin[2c+dx}))/

(JiaCos[c} —asSin[c] —J(—a2+b2> (Cos[2c] +isSin[2c]) )})/

|+

(d (J‘LaCos[c] ~asSin[c] —\/ (-a®+b*) (Cos[2c] +iSin[2c])

PolyLog|2, —[(b (Cos[2c+dx] +JiSin[2c+dx]))/

iaCos[c] -aSin[c] —\/(—a2+b2) (Cos[2c] +isSin[2c]) ))}/

[

(Cos[2c] +isin[2c]) (-iaCos[c] -aSin[c] + (Cos[2c] -iSin[2c])
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.F 3
(e ] - [3cSc[5]
2bd (a+bSin[c+dx])? 2
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b
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Problem 325: Result more than twice size of optimal antiderivative.

J(e+fx)3Cos[c+dx] Cot[c +dx] 4
X

a+bSin[c+dx]

Optimal (type 4, 765 leaves, 33 steps):
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a d? a d?

3+/a?-b? f (e+fx)?Polylog[2, 12¢“"] 3./a2_b2 f (e+fx)%PolyLog[2, 12"
( + ) [ a—ﬁ} < + ) [ a+ﬁ}
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Problem 329: Result more than twice size of optimal antiderivative.
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6ibd3>e?fxSin[3c+2dx] -12bd*ef?>xSin[3c+2dx] -121bdf>xSin[3c+2dx] +
6ibd’ef’x*Sin[3c+2dx] -6bd* > x*Sin[3c+2dx] +2ibd®> £ x*Sin[3c+2dx]) -

) 1
3e?fCsclc] Sec[c] |d*e!ArcTaniTanicll w2, — (i dx (-7+2ArcTan[Tan[c]]) -

1+Tan[c]?
nlog[l+e?'9X] -2 (dx+ArcTan[Tan[c]]) Log[1- g (dxwArcTan(Tan(c]]) ]
sLog[Cos[dx]] +2ArcTan[Tan[c]] Log[Sin[dx + ArcTan[Tan[c]]]] +
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lPOlyLOg[Z, eZJ'l (dx+ArcTan[Tan[c]])]) Tan[c]}]/ (Zadz \/SQC[CJZ (COS[CJZJrSin[C]z) )

Problem 330: Result more than twice size of optimal antiderivative.

J(e+fx)2Cos[c+dx]2Cot[c+dx] ;
X

a+bSin[c+dx]

Optimal (type 4, 566 leaves, 26 steps):

Ji(e+-Fx)3 i (a?-b?) (e+-Fx)3 2f (e+fx) Cos[c+dx]
 3af 3ab?f . b d?

(a% - b?) (e+fx)2Log[17M} (a% - b?) (e+-Fx)2Log[17]“’97

a-+/ a®-b?
+ +

ab%d ab%d

+

2i (a2-b?) f (e+fx) Polylog|2, ibel (&

a-+/a?-b?

(e+-Fx)2Log[1fe“<c*dX>]

ad ab?d?

2i (a?-b?) f (e+fx) PolyLog[2, ‘o™
t (a ) (e+ X> oY og[ ’ ar/a*b? if (e+Fx) PolyLog[Z, e?t “*d’”}
- +

ab?d? a d?

cedx)

2 (az —bz) £2 PolyLog[B, iberlerdx

a-+/ a%-b?

2 (a27b2> f2 PolyLog[_?,, ibel[edx

a+/ a2-b?

+ +
ab?d? ab2d?
f2Polylog|[3, e (<49 ] pf2sin[c+dx] (e+Ffx)*Sin[c+dx]
N _
2ad? b d3 bd

Result (type 4, 1740 leaves):
1

12ad
6d (-1+e’*¢) xPolylog[2, e (“9¥ ]| +3i (-1+e?!¢) PolyLog|3, e (<4 ) +

el f2Csclc] (2d?x? (2de®* x+3i (-1+e?!¢) Log[1-e?* (<X ]) 4

! (
6ab>d (~1+e2ic)

a?-b?) |-12id’e?e? “x-12idPee?iCFxt-4id e}

2a ej (c+d x) ) 2a (ejl (c+d x)
6 i d? e? ArcTan| | +61id?e?e?“ArcTan| -
b<_1+62j(c+dx)) b<_1+62j1(c+dx))
3d2e2 Log[4a2 erL(c+dx) + b2 <7l+ezj(c+dx))2} .

3d2e? 2! Log[aae?t (9% 4 b2 (~14e?t(©40)?] _12d%efx

b(eil (2 c+d x) ) bei (2 c+dx)
Log[1+ | +12d*ee®'“fxLog[l+ | -

jae“—\/(—aZerz) e?ic jaeic—J(—a2+b2> e?ic

2622 bet (2crd 2 2icg2,2
6 d? 2 x? Log[1 + | +6d?e? 2 x
Jiae“—\/(—a2+b2) e?tc
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b e]‘l (2 c+d x) b ej (2 c+d x)

Log[1+ ] -12d%efxLog[l+ ]+

jaeicf\/(—aerbz) e?tc jaejc+\/<—a2+b2> e2ic

) bej(2c+dx)
12d?ee?’“ fxLog[l+ | -6d? 2 x?

Jiacejc+\/(—a2+b2> e?ic
i (2crdx) i (2cedx)

Log[1+ be 777 | +6d*e? < f2x* Log[1+ be 777 |-

jaejc+\/(—a2+b2) etc Jiaej°+\/<—a2+b2> e?tc

: i (2 c+dx)
12id (-1+e?*¢) f (e+fx) PolylLog|2, ibe 7777 | -
aej°+i\/<—a2+b2) e?tc
) bei(2c+dx)

12id (-1+e?*¢) f (e+fx) PolylLog[2, - | -

Jiae“+\/(—a2+b2) e?ic

ib ei (2 c+d x)

12 f? Polylog|3, | +12e27 ¢ £2
ae“+1‘1\/(7a2+b2) e?ic
j_b(eil (2 c+d x) b(e]i (2 c+d x)
Polylog|3, | -12f?PolyLog|3, - |+
aejc+jJ<faz+b2> e?ic iaeic+\/(—a2+b2) e?tc
i (2c+dx)
12 e** ¢ f2 Polylog|3, - be ’ 1|+

]laeic+\/(fa2+b2) e?tc

ax (3e?+3efx+f2x?) Cos[c] Csc[ﬂ Sec[i]
6 b? )

1

b d3

Cos[d x]

(2defCos[c] +2df*xCos[c] +d*e?*Sin[c] -2f*Sin[c] +2d*efxSin[c] +d* > x*Sin[c]) +
(e*Csc[c] (-dxCos[c] +Log[Cos[dx] Sin[c] +Cos[c] Sin[dx]] Sin[c])) /

(ad (Cos[c]?+sin[c]?)) S
b d3
(d*e*Cos[c] -2f*Cos[c] +2d*efxCos[c] +d?>f?x*Cos[c] -2defSin[c] -2df>xSin[c])
Sin[dx] -
efCsc[c] Sec[c] |d? etArcTan(Tan(cl] y2 ;(jdx (-7+2ArcTan[Tan[c]]) -
1+Tan[c]?

nlog[l+e2tdx] -2 (dx+ArcTan[Tan([c]]) Log[1 - g2 ! (dxwhArcTan(Tan(c] ) ]
mLog[Cos[dx]] +2ArcTan[Tan[c]] Log[Sin[d x + ArcTan[Tan[c]]]] +

i Polylog[2, 2! (dxArcTan(Tan(cl]) 1) Tan[c] /(a dz\/Sec[c}z (Cos[c]?+sin[c]?) )

Problem 331: Result more than twice size of optimal antiderivative.
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J(eﬁ:x) Cos[c+dx]2Cot[c+dx] 4
X

a+bSin[c+dx]
Optimal (type 4, 379 leaves, 22 steps):

j(e+fx)2 i(az—bz) <e+'FX)2 fCos[c+dx]
- - - +

2af 2ab?f b d2
a? - b?) (e+fx) Log[1- ibe =™ a?-b?) (e+fx) Log[1- ibe ™
( ) < ' ) [ a-+/ a2-b? ] . ( ) ( : ) [ a+\/ﬂ .
ab2d ab2d
i (a?-b2) fPolylog[2, 10"
(e+fx) Log[lfezﬂmdxw 1<a ) oyog[ o

ad ab? d?

b el (cxdx)

i (a%-b2) fPolylog|2, *
i(a ) fPolyLog|2, asnfa2_p2 i fPolylog[2, e2® (4]  (e+fx) Sin[c+dx]

ab?d? 2 ad? bd

Result (type 4, 868 leaves):

1
ab?d?

~—abfCos[c+dx] +b?’delog[Sin[c+dx]] -

) . N bSin[c+dx] ) bSin[c +dx]
b cfLog[Sin[c+dx]] +a deLog[1+—] -b deLog[1+—
a a

} _

achLog[1+—bSin[c+dx}}+b2chog[1+—bSin[c+dX]]+
a a
a+b
1 b (a-b) Cot[2 (2c+nm+2dX)]
—a’f |i(-2c+n-2dx)?-32iArcSin| | ArcTan]| 4 ] -
8 vz Ny
a+b
b i (—a+ a2 - b? ) e 1 (cvdx)
4|-2c+n-2dx+4ArcSin] || Log[1- |-
vz b
a+b
b i (a+ a2 _b? ) e-i (crdx)
4 |-2c+n-2dx-4ArcSin| || Log[1+ |+
Vz :

4 (-2c+m-2dx) Logla+bSin[c+dx]] +8 (c+dx) Log[a+bSin[c+dx]] +
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i (—a+ 32 _ b2 ) @i (crdx) i (a+ 32 _ b2 ) @i (crdx)

8i |PolyLog|2, | +PolyLog|2, -

} _

b b
a+b
1 b (a-b) Cot[2 (2c+nm+2dX)]
b2 f 1'1(—2c+ﬂ—2dx)2—32j1Ar‘cSin[ | ArcTan]| 4 | -
8 V2 Va?-p?
a+b
b i (—a+ a2 - b? ) e 1 (cvdx)
4|-2c+n-2dx+4ArcSin] || Log[1- |-
V2 b
a+b
b i (a+ a2 _b? ) e (cdx)
4|-2c+n-2dx-4ArcSin| || Log[1+ |+
v :

4 (-2c+m-2dx) Logla+bSin[c+dx]] +8 (c+dx) Log[a+bSin[c+dx]] +

81

PolyLog|2,

i (—aJr\/aZfb2 ) et (erdx) i (a+m) et (crdx)
" | +PolyLog|2, - " N

o [(c+ax) Log[a- e €9 ] Lt ((cdx)? - roiytog[2, €60 ]|
2

abd (e+fx)Sin[c+dx]

Problem 333: Result more than twice size of optimal antiderivative.

J(e+fx)3Cos[c+dx]3Cot[c+dx]
dx

a+bSin[c+dx]

Optimal (type 4, 1138 leaves, 53 steps):
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3efix 3fx2 (e+fx)* (a?-b?) (e+fx)* 2 (e+fx)’ArcTanh[e! (<% ]

4bd®  8bd  8bf 4b’f . ad i
6f2 (e+fx)Cos[c+dx] 6 (a?2-b?) f? (e+fx)Cos[c+dx]

ad? ) ab?d? '
(e+fx)?Cos[c+dx] . (a% - b?) (e+-Fx)3Cos[c+dx] . 33 Cos[crdx]?

ad ab%d 8bd*
31C<e+-Fx)2Cos[c+dx}2 i (a7 - b7 (e+fx)3Log[1—if’j§

abd? ' ab’d .

. Zsz 3/2 f 3L 1- ibel (cdx)
i (a ) (e+ X) og[ aefa b2 31 f (E+'Fx>2 POlyLog[Z, el (c+dx)}
+

ab3d a d?

3 (a2 _p2)32f £x)2PolylL 2 ib et (crdx)
31F (e+'FX)2PolyLog[2) el (c+dx)} <a ) <e+ X) oly Og[ 5 7&@
+ —_

a d? a b3 d?

3 (a2-b2)%%f £x)2PolyLog[2, ibe
(a ) <e+ X) oyog[ > a+\/aZ—T 6 £2 <e+'FX) POlyLog[B,—efl(C*dX)]

ab3d? ad?

+

61 (a?-b2)¥2f2 (e+fx) Polylog[3, tbe=""
6 2 (e+-Fx) POlyLog[3, el (c+dx)} i (a ) (e+ x) oly og[ e
+ —_

ad? ab3d3

(c+dx)

61 (a2-b?)*?f2 (e+ fx) Polylog|3, o
T <a ) <e+ X) oly Og{ 4 a+\/ﬁ 6]].'F3 POlyLOg{z'-, _e]'l (C+dX)]

+

a b3 d3 a d4
, 6 (a-b?)¥? 3 polyLog[4, b=
61 f3 PolyLog [4, el (c+dx) } af\/ﬁ
B +
ad* ab3dt

(c+d x)

6 (a2 - b?)>'% 3 PolyLog|4, P ‘
ai/a? b 6f3Sin[c+dx] 6 (a?-b?) f3Sin[c+dx]
+ +

ab3d* ad* ab?d*
3f <e+-Fx)ZSin[c+dx1 3 (a2 -b?) f (e+-Fx)2Sin[c+dx1 X
ad? a b? d?
3f2 (e+fx)Cos[c+dx]Sin[c+dx] (e+fx)>Cos[c+dx]Sin[c+dx]
4bd ) 2bd

Result (type 4, 3263 leaves):
(-2a2+3b%) e3x 3 (-2a%+3b?) e’ fx?

2 b3 4p3
_2 2 3b2 .FZ 3 -2 2 3b2 .F3 4 ]
(-2a%+3b%) e fix - (2% 3b%) Fx - (—2d3e3Ar‘cTanh[<e]l (erdx) ] 4
2 b3 8 b3 ad*

3dPe? fxlog[l-e' (9] +3d3ef?x?Log[1-e! (9] 4 d® %3 Log[1-e' (9] -
3d?e?fxLlog[l+e! (4% ] -3dPef?x?Log[l+e' (9] - x3 Log[1+e (9] 4
3id2f (e+fx)?PolyLog[2, -e* (¢*9¥) ] _31id?>f (e+fx)?PolyLog|2, e (4% ] _
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6def?Polylog[3, -e' (““¥] -6df’xPolylog[3, -e' (¥ ]| +6def?PolylLog|3, e’ (<9¥] +
6df3x PolyLog{BJ efl (c+d x) } _61f3 POlyLOg {4) _ell (c+d x) ] +6if POlyLog[4, (ej (c+dx) ] ) .

; i (c+dx)
1 —2d3e3\/_<a2_b2>2e4ic APCTan[M]Jr

ab3d4\/—<a2—b2)2e4“ Ja?_b?
: i (2c+dx)
31+/a%-b? d3e2eﬁc\/(7a2+b2) e2ic 'FxLog[lf ibet (2crdX }+

aelc_ (aZ_bZ) e2ic

(az_b2>3/z

5 1 (2c+dx)
i\/md3eic\/<—a2+b2> e2ic 'F3X3Log[1— ibe }_

aeic-.[(a?-b?) e?ic

5 i (2c+dx)
Bjﬁd392@ﬁc\/(_az+b2) e2ic 'FXLog[l— ibet (ecrdx }_

aelc+ (aszz) e2ic

i i (2c+dX)
j\/ﬁd?’eic\/(_az_'_bZ) ezic 'F3X3L0g{1— ]lbel C X }_

aelcy (az—bz) elic

b ei (2 c+dx)

iaeic—\/(_aZerZ) e2ic

b e]i (2 c+d x)

3.fa?-b? dPeeic.[(a2-b?) €2 f2x2Log L+ ] +

Jiae“+\/(—a2+b2) e2ic

: 1 (2c+dx)
3Wdzej‘c\/<_a2+b2> e2ic f <e2+-F2x2> PolyLog[z, ibet (4crdx ]_

aelc-.[(a?-b?)e?ic

. 1 (2c+dXx)
BWdze“\/(_aZerZ) e2ic f <e2+f2x2> POlyLog[z, 1bet (£cHdx ]+

aelc+ (aszz) e2ic

ibel (2c+dx)

6i+/a*-b*> d?ee’“/(a®-b?) e*'° £ xPolylog|2, ] -

acicii [ atib7] e

b ej (2 c+dx)

6i+/a*-b*> d?ee’./(a®-b?) e’*¢ f2xPolylog|2, - |+

1a<e“+\/(—a2+b2) e2ic

P i (2c+dx)
61'1\/az—7bzdejc\/(,az+b2> e2ic F3XPOlyLog[3, ibe c+dx }7

aelc— (aZ_b2> e2ic

P 1 (2c+dx)
Gjmdeﬁc\/(_aerbz) e2ic 'FSXPolyLog[3, ibet (2c+dX }_

aelcy (a27b2> elic

T i (2c+dx)
GWdee“\szpolyLogb, ibe X }+

aejc+jJ<,a2+b2> e2ic

b el (2¢c+dx)

6+ a’-b> dee'“./(a®-b*) e*'° f?Polylog|3, - | -

]la(E].lCJr\/(faerbZ) e2ic
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7 1 (2c+dXx)
GWeﬁC\/(_aZ+b2) e2ic f3P01yLog[4, ib el (2c+dx ]+

ae]ic7 (asz2> eZJic

: 1 (2c+dx)
Gwejc\/(_az+b2) eZJ’lc 'F3P01)/L0g[4_, ibe c+d X ] .

aeich (asz2> e2j1c

af3x3Cos|c i af3x3Sin]c aCos|c i aSin[c
( el 2 H+(d3e3-3.jldzezf-sdefz+6jnc3)( el rasinie]

- +
2b%d 2b%d 2b2d* 2 b?d*

(adzeszzjadefzfzaﬁ)

3xCos[c] 31ixSin[c] ]
- +

2b?d3 2b%d3
3x2Cos|c 3ix?Sin[c
(adef’-iaf) [e] 31 [ ]) (Cos[dx] -iSin[dx]) +
2b2d2 2b2d2
af3x3Cos|c iaf3x3Sin[c aCos|c iaSin[c
( L2 H+(o|3e3+3jldzezf-aclefz-ejnd)( el zasnle))
2b%d 2b%d 2b%d* 2 b%d*
1
; 23x2 (adef?Cos[c] +iaf’Cos[c] +iadef?Sin[c] -af>Sin[c]) +
2b-d
3x (ad®e®’fCos[c] +2iadef’Cos[c] -2af’Cos[c] +
2b%2d3

iad*e*fsSin[c] -2adef*Sin[c] -2iaf’Sin[c])

(Cos[dx] +isSin[dx]) +

i ¥3 x3 Cos[2c f3x3sin[2c
(1 L2cl 2C (aide edelfisidef 3

8bd 8bd

(Cos[Zc] B JiSin[Zc}]Jr (2d2e21:—211def2—-F3) _BixCos[Zc] _3xSin[2c])+
32bd* 32bd* 16 b d? 16 b d?

s . .3 3ix2Cos[2c] 3x%2Sin[2c] o
(2def?-if?) |- - (Cos[2dx] -isSin[2dx]) +
16 b d? 16 b d?
(Ji‘F3X3COS[2C] _f3x3Sin[2c1 +(41‘1d3e3—6d2e2f—6j1deF2+3f3) Cos[2c] . iSin[zc]J+

8bd 8bd 32bd* 32bd*

2311x2 (2def?Cos[2c] +if*Cos[2c] +2idef*Sin[2c] - f>Sin[2c]) +
16bd

33]‘Lx (2d*e*fCos[2c] +2idef?Cos[2c] -f>Cos[2c] +
16bd

2id*e®fsin[2c] -2def?Sin[2c] - i f>Sin[2c])| (Cos[2dx] + i Sin[2dx])

Problem 337: Result more than twice size of optimal antiderivative.

J(e+fx)3Cos[c+dx] Cot[c+dx]2

a+bSin[c+dx]

dx

Optimal (type 4, 852 leaves, 48 steps):
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6-F(e+-Fx)2Ar‘cTanh[<ejl (crdx) | (e+-Fx)3Csc[c+dx}

jb(e+Fx)4 j(az—b2> (e+fx)4
432 F 4a2bf a d? ad
a2 _ b2 e 'FXBLOg 1711b<e"‘\"dx) a2 _ b2 e+ fx 3L0g 17]‘Lbeﬁft-dxl‘
e R e
a’bd a’bd
b (e+fx)3Log[17e“<c*dX>] 61 f2 (e +fx) PolylLog[2, -e! (¢4 ]
N _
a2 d a d3
ibeu\’mdx]

3i (a?2-b2) f (e+fx)2PolyLog|2,
\ .

61 f2 (e+-Fx) PolyLog[Z, et (C*dx)}

.
ad3 a’bd?
. 2 ib et (crdx)

31 <a2_b2) f (e+'FX> PolyLog[Z, a+\/§ 3ibf <e+fx)2PolyLog[2, e2i (de)}

a2 b d2 i 222 2 .
6 > Polylog[3, -e* (¢*99] 63 Polylog|3, e (¢dX ]|
ad* : ad* .

iberl™ 1 g (a2-b?) £2 (e« fx) Polylog[3, 10"
anfa? b2

6 (a®-b?) f2 (e + f x) PolylLog|3,

a-+/a?-b?
a’bd?

a’bd?
6i (a? - b?) 3 Polylog[a, “oe ™™
(- 12) o, e

3bf2 (e +fx) Polylog[3, e2t (¢+dx |

222 d? . a2 b d*
61 (a2 - b2) f3 pol ibef (X
i <a ) Po yLog[4; N e 3ibf3Polylog|4, et (c+d x)
v _
a’bd* 4a%2d*
Result (type 4, 3114 leaves):
3e2-FLog[Tan[% (c+dx)]] 1
a d? ad3
6ef’|(c+dx) (Log[1-e' (“¥¥ ] -Log[l+e “®]) -clog[Tan[= (c+dx)]]+
2
. . 1
: _ (c+dx) | _ (c+d x)
i (PolyLog[2, -e' ("% ] —Polylog[2, e! (“*4¥)]) | + Py
bee’“f’Csclc] (2d*x* (2de* “x+31i (-1+e*'¢) Log[1-e*! (99 ]) +
6d (-1+e’'¢) xPolylog[2, e (“9¥] +3i (-1+e?* ) PolyLog|3, e (<*4¥) ]) - 14
ad
6 > (d* x* ArcTanh[Cos[c+dx] +1iSin[c+dx]] -idxPolylLog[2, -Cos[c+dx] -iSin[c+dx]] +

idxPolylLog[2, Cos[c+dx] +1Sin[c+dx]] +PolyLog[3, -Cos[c+dx] -1Sin[c+dXx]] -

Polylog([3, Cos[c+dx] +iSin[c+dx]]) + ;
4a

. . 1 . .
bel¢f Csclc] X'+ (~1ve?i€)xty —e?iC (~11e?'C) (2d* X" +41d % Log[1-e?t (0] 4
2d

6 d> x* Polylog[2, e** (“®¥) ]| + 61 d x Polylog[3, e** (“*“¥)]| -3 PolyLog[4, e*! (<9X) ) | +
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1
2a%bd* (-1+e?'€)

(a>-b?) [4id* e e? “x+6id e?e? i Fxlididiee? F2x34

) zaei(c+dx)
id*e? £ x*+ 21 d e ArcTan| . ] -
b <71+(82] (c+dx))

i (c+dX)
21'1d3e3<e2“Ar‘cTan[ 2ae’ C * ]+d3e3 Log[4a2 Q21 (crdx) | p2 (_1+ezj(c+dx))2} _
b<71+®21(c+dx)>
d3 e3 e2ic Log[4a2<e”<°*dx) + b2 <_1+(821'1(C+dx)>2} N

b ei (2 c+d x)

J'Lae“f\/(—aerbz) e?ic

6d>e? fxLog[1+ | -6d*e?e?!cfx

b e]i (2 c+d x) b ej (2 c+d x)
Log[1 + | +6d>ef?x? Log[1+ |-
iaetc-.[(-a2+b?) e?ic iaelc-.[(-a2+b?) e?ic
) th (2 c+d x)
6d’ee’’ “f2x*Log[1+ | +2d> %3
Jiacejc—J(—aZerZ) e?ic
(2c+dx) (2 c+dx)
Log[1+ bel B0 | -2d*e? < £ x3 Log[1+ bel 2% |+
jaejc—\/(—a2+b2) etc Jiaejc—\/<—a2+b2> e?tc
b(E (2 c+d x)

6d>e? fxLog|l+ | -6d*e?e?icfx

J'Lae“+\/(—a2+b2) e?ic
(2 c+d x) (2 c+dx)
bel e | +6d*>ef?x?Log[1+ bet et
Jiae“+x/(—a2+b2> e?ic Jiae“+x/<—a2+b2> e?ic
) bre (2 c+d x)
6d’ee® “f2x?Log[1+ | +2d® £
pactc. [ 0] e
(2 c+d x) (2 c+dx)
Log[1 + bel 2o | -2d?e?* <3 x3 Log[1+ bel Bere |+
jaeic+\/(fa2+b2) e?ic jaejc+J<7a2+b2> e?tc

|+

} .

Log[lJr

Jlbe (2 c+d x)

ae“+1’1¢(—a2+bz) e?tc

bce (2 c+d x)

6id? (-1+e*'¢) f (e+fx)?PolyLog|2,

6id? (-1+e*'¢) f (e+fx)?Polylog[2, -

] +

Jiace“+\/(—a2+b2) e?tc

i b(E (2 c+d x)

aejc+i\/<—a2+b2> e?ic

12def?Polylog|3,

| -12dee?

ib el (2¢+dx) ib el (2c+dx)
PolyLog|3, | +12d f*x PolyLog|3, ] -
ae“+1’1\/<7a2+b2> elic aeic+j\/(—a2+b2) e?ic
(2 c+d x)
12de?*! < f? x Polylog|3, ibel ’ |+

aejc+j\/(—a2+b2) e?tc
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5 bei (2 c+d x)
12def?Polylog|3, - | -
jaeic+\/(fa2+b2) e?ic

b (eil (2 c+d x)

12dee?'“ f?Polylog|3, - |+
jaejc+\/(7a2+b2) e?tc
be]‘L (2 c+d x)
12d > x Polylog|3, - ] -
jae“+\/(—a2+b2) e?tc
i bei(2c+dx)
12de®*° 3 x PolyLog|3, - ]+

iaej°+\/(—a2+b2) e?ic
. i (2c+dXx)
12i £ Polylog|4, tbe 777 |-121ie*t ¢
aeﬂc+i\/(—a2+b2> e?ic

Jib(ej (2 c+d x) be]‘l (2 c+d x)

Polylog |4, ] +12i 3 Polylog[4, - ] -
aejc+jJ<—a2+b2> e2ic jaejc+\/<fa2+b2> e?ic
1 (2c+dx)
121 213 polylog[4, - bel 7777 —
jaeic+\/(,a2+b2) e2ic 8abd

(-4be’-12be*fx-12bef’x*-4bf>x>-4ade’xCos[c] -6ade® fx*>Cos[c] -

4adef?x?Cos[c] -adfx*Cos[c]) Csc[g} Sec[g] -
2 2
(be®Csclc] (-dxCos[c] +Log[Cos[dx] Sin[c] +Cos[c] Sin[dx]] Sin[c])) /

(a*d (Cos[c]?+Sin[c]?)) +

C c dx
Sec|—] sec[—+ —]
2ad 2 2 2
“@sin[ 2] 3¢ xsin 2] zersin[ ) - P0sin )|
2 2 5 5
d x
C —|C -, 2=
2ad Sc[z} Sc[z+ 2}
e sin[ 2] - 3etexsinl ] 3¢ e sin ] £ 0 sin X)) -
2 2 5 N
3be”fCsclc] Sec[c] |d?etArcTaniTanicl] y2 . ;(idx (-7+2ArcTan[Tan[c]]) -
1+Tan[c]?

7rLog[1+<e‘2jdX} -2 (dx+Ar‘cTan[Tan[c}]) Log[l—cezjl mx*’*"”””“““q +
mLog[Cos[dx]] +2ArcTan[Tan[c]] Log[Sin[dx + ArcTan[Tan[c]]]] +

i Polylog|2, 2! (dxwArcTan(Tanic]]) 1) Tan[c] / (2 a2 dz\/Sec[c]2 (Cos[c]?+Sin[c]?) )

Problem 338: Result more than twice size of optimal antiderivative.

J(e+fx)2Cos[c+dx] Cot[c+dx]?2
dx

a+bSin[c+dx]
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Optimal (type 4, 616 leaves, 37 steps):
J'lb(e+-Fx)3 i (a?-b?) (e+-Fx)3 4f (e+fx) ArcTanh[e! (¢4 | (e+-Fx)2Csc[c+dx]
. _

3a%f 3albf ad? ad

aZ_bZ e+ fx ZLO 1_- ibet(c+dx) az—bz e+ fx ZLO 1- ibel (crdx)
(a?-b?) (e« fx)*Log[1->=——]  (a®-b?) (e+Fx)°Log] e

a-+/ a%-b?

a’bd a’bd

+

b (e+-Fx)2Log[1—e“<c*dX>] 21 f2 PolyLog[Z, —et “*dx)} 21 f2 PolyLog[Z, el (C*d“]
. _

aZd ad3 ad3
2i (a2-b2) f (e+fx) Polylog[2, ‘o= 21 (a2-b2) f (e+fx) Polylog|2, ‘e =™
M e e e M L =2
a% b d? a2 b d2

2 (a? - b?) f2Polylog[3, tbe =™
| ) [ afa2-b?

ibf (e+-Fx) PolyLog[z, e2i (c+dx)}
a2 d2 aZbd3

a+/ a2-b? b f2 PolylLog [3, @2l (cvdx) ]
a’bd3 2a2d3

2 (a% - b?) 2 Polylog|3,

Result (type 4, 1905 leaves):
2e-FLOg[Tan[§(c+dx)H 1

+

a d? ad3
22 | (c+dx) (Log[1-e! 9] - Log[1+e' (<90 ]) —cLog[Tan{1 (c+dx)]]+
2
. . 1
. _ (c+dx) | _ (c+d x)
i (PolylLog[2, -e' ("% ] —Polylog[2, e' (<X ]) | + D

bef>Csclc] (2d*x* (2de*'“x+31 (-1+e’') Log[1-e®! (<9 ]) +
6d (-1+e’'¢) xPolylog[2, e®* (“9¥ ] + 34 (-1+e?' ) PolyLog|3, e*! (<9¥ ]} +

1 ) . )
— (a®-b?) [12id’e’e® “x+12id’ee®’ “FfX*+4id e “F2C+
6a’bd® (-1+e2i€)
2ael (crdx) , 23 el (crdx)
6 i d? e* ArcTan| | -61id?e? e’ ArcTan| |+
b<71+e2j(c+dx)) b<71+e21'1(c+dx))

3 d? e2 Log{4a2 @2 (cvdx) | 2 (_1+62j(c+dx))2} _3d2e2e2ic
be]‘l (2 c+d x)

Log[4a2e?® (¢4 b2 (~14 e (©9¥)2] 1 12d%efxLog[l+ ] -

jaejcf\/(fa%rbz) eic

) bej(2c+dx)
12d?’ee? “fxLog[l+ |+
jae“—J(—aerbz) e?ic
b(eli(2c+dx) )
6 d? f2 x* Log[1 + | -6d?e? 2 x?
J'lae“—\/ (—a2+b2) e?tc

b ei (2 c+d x)

i (2c+dx)
] +12d?e fxLog[1+ bel 777 ] -

Jiae“—\/(—a2+b2) e?ic iaejc+\/(—a2+b2> e?ic

Log[1 +
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) bej(2c+dx)
12d’ee?“ fxLog[l+ | +6d> 2 %2
jae“+J<fa2+b2> e2ic
i (2 c+dXx) i (2 c+dXx)
Log[1+ be 7777 | -6d?e?*“f2x? Log[1+ be' 777 |+
jae“+\/(7a2+b2) e?ic Jiae“+\/(—a2+b2> e?ic
. i (2c+dx)
12id (-1+e’*¢) f (e+fx) Polylog|2, the 77 |+
ae“+1’1\/<—a2+b2) e?tc
. bei(2c+dx)
12id (-1+e’*¢) f (e+fx) PolylLog|2, - |+

Jiace“+\/(—a2+b2) e?ic

ib ei (2 c+d x)

12 f? Polylog|3, | 12222

aeic+j\/(—a2+b2> e?ic

Jib(ej (2 c+d x) be]i (2 c+d x)
Polylog|3, | +12 ? PolyLog|3, - ] -
aejc+jJ<—a2+b2> e2ic jaeic+\/(fa2+b2) e?ic
1 (2c+dx)
12 e f?Polylog|3, - be 17 |+ !
iacic, [ atib?) e | 6abd

(-3be*-6befx-3bf>x*-3ade’xCos[c]-3adefx*Cos[c]-adf?x’Cos[c])

c c
csc[—] sec[~] -
sc[z] ec[z]
(be*Csclc] (-dxCos[c] +Log[Cos[dx] Sin[c] +Cos[c] Sin[dx]] Sin[c])) /

(a*d (Cos[c]?+Sin[c]?)) +

Sec[ﬂ Sec[§+ dTX} (—eZSin[dTX} —2efoin[d7X] —-szzsin[%x” )
2ad

Csc[ﬂ Csc[§+ dTX} (eZSin[dT"] +2e-FxSin[d7X} +F2xzsin[d7"]) )
2ad

befCsc[c] Sec[c]

d? gl ArcTan(Tan(c]] 2 ;(jdx (-7 +2ArcTan[Tan[c]]) - nLog[1+e 2 9] -
1+Tan[c]?
2 (dx+ArcTan[Tan[c]]) Log[1 - e?! (dxArcTaniTan(el]) | 4 s Log[Cos[d x]] +

2ArcTan[Tan[c]] Log[Sin[dx +ArcTan[Tan[c]]]] +i PolylLog[2, ! (dx-ArcTan(Tan(c]]) ] )

Tan|[c]

/(azdz\/Sec[c}2 (Cos[c]?+sin[c]?) )

Problem 339: Result more than twice size of optimal antiderivative.
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(e+fx) Cos[c+dx] Cot[c+dx]?

J

a+bSin[c+dx]

dx

Optimal (type 4, 386 leaves, 28 steps):

ib(e+fx)? i (a?-b2) (e+fx)? fArcTanh[Cos[c+dx]]
. _

(e+fx) Csclc+dx]

2a%f

2a’bf

(a?-b?) (e+fx) Log|

1- ibel [c+dX)

a-+/ a?-b?

ad?

ad

ibe

i (cedx)

(a?-b?) (e+fx) Log[1-

a+/ a%-b?

a’bd

b (e+-Fx) Log[lfe“(c*‘“)}

i (a2-b?) fPolylLog|[2, *°

i

a’bd

el (c+d x)

+
a%d

i (a*-b?) fPolylog|2,

a+y/ a?-b?

ibel (crdx)

i

a? b d?

b fPolyLog|[2, e (¢+dx) |

+

a?bd?

Result (type 4, 1107 leaves):
1

2 ad?

2

belog[Sin[c+dx]] bcfLog[Sin[c+dx]]
+

—deCos[l (c+dx>] +c-FCos[

N |-

2 a2 d?

(c+dx” -f (c+dx) Cos[1 (c+dx)] Csc|

a

2

e Log[1+ bSin[c+dx ]

a’d
beLog[1+ bSinfc+d x }

a

a2 d?

bd

chog[1+@:deL} bchog[ler:LdXL]

+

N
a%d

b d?

a%d?

+

fLog[Tan[%(Cerx)H 1 (c+dx) Logla+bSin[c+dx]] 1
a d? d? b b
a+b
1 . 2 b a—b)Tan[l(—c+1—dx)}
——Ji(—c+——dx +4 i ArcSin| | ArcTan| 2 2
2 2 V2 aZ-b?
. a;b (a _JaZz_b? ) i (—c+§—dx)
~c+ = -dx+2ArcSin| || Log[1+ ]+
2 Ny b
= a;b (a +a%-b? ) i [-eri-dx]
-c+ —-dx-2ArcSin| || Log[1+ ] -
2 NES b

N |

<c+dx)]—
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7T
(—c+——dx
2

(a -+a?-b? ) e [-eej-dx]

Log[a+bSin[c+dx]] -

(a ++/a? - b2 ) ot (e iax

] +

} +PolyLog[2, -

i |PolylLog [2, -

b b
1 b2 (c+dx) Logla+bsSin[c+dx]] 1
a2 d? b b
a+b
1 . ) b a—b)Tan[l(—c+1—dx)}
—fj(—c+f—dx +4J'1Ar'cSin[ ]Ar‘cTan[ 2 2 ]+
2 2 \/7 a2 _ p2
. a;b (a 3 az b2 ) i (7c+§7d X)
-c+ —-dx+2ArcSin| || Log|[1+ |+
2 NEY b
x a;b (a+ a2 bz) i (-e+Z-dx]
~c+ —-dx-2ArcSin] || Log[1+ ] -
2 NEY b
JT
(7c+——dx Log[a+bSin[c+dx]] -
2
(a—x/az—bz)ei(’“%’dx) (a+ az_bz)eﬂ(fug—dx)
i [PolyLog[2, - " | +PolyLog[2, - " ] -
1 bf (c+dx) Lo [1762ﬁ(c+dx>]7lj((CerX)zHDOl Lo [2 ez]'l(udx)” N
2 g 5 yLog| 2,
1
2ad?

Sec[% (c+dx)]

2

—deSin[l (c+dx)] +c-FSin{l (c+dx)]-Ff (c+dx) Sin[l (c+dx)]

2

2

Problem 341: Result more than twice size of optimal antiderivative.
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J(e+-Fx>3Cos[c+dx]2Cot[c+dx]2
dx

a+bSin[c+dx]

Optimal (type 4, 1144 leaves, 66 steps):
i(e+fx)® (e+fx)* (a?-b?) (e+fx)* 2b (e+fx)’ArcTanh[e! (4% ]

) ad  4af 4ab?f ' a’d '
6bf2 (e+fx) Cos[c+dx] 6 (a*-b?)f2 (e+fx) Cos[c+dx]
a? d3 ' ab d? .
b(e+fx)3Cos[c+dx] (a% - b?) (e+fx)3Cos[c+dx]
a? d ) a’bd )

i (a2_b2>3/2 <e+fX)3Log[1_M

a-+/ a?-b?

(e+Fx)*Cot[c+dx]

ad a2b2d

i 2 _p2)3/2 £x)3L 1,M
i (a ) (e+ X) Og[ aufa b2 3f (e+‘FX)2 Log[l—ezj(c*dx)}
+ —

a’b%d ad?
31bf (e+~Fx)2 PolyLog[2, -e! (¢*4 ] 3ibf <e+-Fx)2 PolylLog[2, el (¢+dx) |
a2 d? ’ a2 d2 -

3 (a2-b2)*%f (e+ fx)2Polylog[2, L2 ] 3 (a2-b2)*?f e+ fx)2Polylog[2, Lo "]

a—\/m a++/ a?-b?

+

aZb?d? aZb?d?
31 f2 (e " -Fx) PolyLog[Z, e2t (C*dxw 6bf2 (e +fx) PolyLog[S, —et “*dx)]
ad? ' a2 d3 )

61 (a?-b2)*2f2 (e+fx) Polylog|3, M}

a-+/ a%-b?

6b 2 (e +fx) PolylLog|3, el (¢4 |
- +

azd? a2 b?d3

(c+dx)

61 (a®-b2)*2f2 (e+fx) PolylLog[3, 2

a++/ a’-b?

a? b2 d?
33 Polylog[3, €2! (““4¥ ] 6ibf3PolylLog[4, -e! (<4 ]
+ —
2a d4 aZ d4
. 6 (a2~ b2)*? 3 polylog |4, +be =™
6 i b f3Polylog|4, e (¢+dX) ]| ( ) R a[at b7
a® df ’ a2 b2 d* i

6 (a2 7b2)3/2 3 PolylLog 4, ibel(edx) .
a+ a?-b? 6bf3Sin[c+dx] 6 (a?2-b?) f3Sin[c+dx]

- +

a?b2d* azd* a’bd*
3bf (e+fx)*sin[c+dx] 3 (a?-b?)f (e+fx)*Sin[c+dx]
+
a2 d? a?bd?

Result (type 4, 4632 leaves):
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_be3Log[Tan[§(c+dx)H 1

azd a2 g2
3be’f | (c+dx) (LOg[l—e“C*dX)]—Log[1+e1<c*dx>])—cLog[Tan[l(c+dx)H+
2
i - 1
i (PolyLog[2, - i(c+dx) ] _polyLo 2, i (c+dx) _
i (Poly g € ] yLog[2, e ]) 4ad*

efcfCsclc] (2d°x® (2de®  x+3i (-1+e*' ) Log[1-e?! (X)) 4

6d (-1+e’'¢) xPolylog[2, e (“9¥ ]| 134 (-1+e?" ) PolyLog|3, e (<*4¥ |} 1 6bef

azd3
(d*>x? ArcTanh [Cos[c+dx] +i Sin[c+dx]] - i dxPolyLog[2, ~Cos[c+dx] -iSin[c+dx]] +
idxPolylLog[2, Cos[c+dx] +1Sin[c+dx]] +
PolyLog([3, -Cos[c+dx] -1Sin[c+dx]] -PolyLog[3, Cos[c +dX] +JiSiI’l[C+dX]]> -

— b (-2d*x*ArcTanh[Cos[c+dx] +iSin[c+dx]] +3id*x?PolylLog[2,
a“d

-Cos[c+dx] -1Sin[c+dx]] -31id?>x?PolylLog[2, Cos[c+dx] +1Sin[c+dx]]-6dx
PolylLog[3, -Cos[c+dx] -1Sin[c+dx]] +6dxPolyLog[3, Cos[c+dx] +1Sin[c+dx]] -
6 1 Polylog[4, -Cos[c+dXx] -1 Sin[c+dx]] +61PolyLog[4, Cos[c +dX] +jlsin[c+dx]}) +
(3e?fCscc] (-dxCos[c] +Log[Cos[dx] Sin[c] +Cos[c] Sin[dx]] Sin[c])) /
(ad® (Cos[c]?+Sin[c]?)) +
1

i (az— b2)3/2

a? b? d4\/ (-a2+b?) (Cos[2c] +isSin[2c])

b (Cos[2c+dx] +iSin[2c+d
3i+/a2-b? d®e? fxLlog[1+ (Cos[2c+dx] +iSin[2c+dx]) ]
iacCos[c] +\/(—a2+b2) (Cos[c] +isSin[c])? -asin(c]

(Cosf[c] +iSinf[c]) +3i+/a’-b* d>ef’x?

b (Cos[2c+dx] +iSin[2c+dx])

Log[1 + ] (Cosfc] +isSinfc]) +
iaCos| +\/ 24+b?) (Cos|c }+1‘1$in[c])2 —asin[c]
jmdgfe;stog[lJr b(COS[2C+dX]+]iSin[2c+dX]) }

iaCos[c] +\/ (-a%+b?) (Cos[c] +JlSin[c])2 —asSin[c]

(Cos[c] +isSinfc]) +3+/a?-b? d®f (e+fx)?

b (Cos[2c+dx] +iSin[2c+dx])

PolylLog|[2, -

]

iacCos[c] +\/(7a2+b2) (Cos[c] +iSin[c])® -asin(c]

(Cos[c] +isSin[c]) -3+ a?-b? d®f (e+fx)*PolylLog|2,

b (Cos[2c+dx] +iSin[2c+dx])

| (Cosic] +isinfc]) +

-1acCos[c] +\/ (-a%+b?) (Cos[c] +J'LSin[c])2 +asin[c]

b (Cos[2c+d i Sinf2c+d
6i /a2 b2 def?Polylog[3, - (Cosf2c+dx] +isin2c+dx)) ]
iacCos(c] +\/<—a2+b2) (Cos[c] +isSinfc])? -asSin[c]

(Cos[c] +isSin[c]) +61i+/a’-b® df>xPolylog|3,
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b (Cos[2c+dx] +iSin[2c+dx])

| (Cos[c] +iSin[c]) -

iacCos[c] +\/ (-a%+b?) (Cos[c] +jSin[c])2

\/7'F3PolyLog b (Cos[2c+dx] +iSin[2c+dx]) |

iacCos[c] +\/(7a2+b2) (Cosc] +jSin[c])2 —asin[c]

-aSinj[c]

—

Cos[c] +iSin[c]) +

ﬁfapolymg b (Cos[2c+dx] +isSin[2c+dx]) |

-iaCos[c] +\/(7a2+b2) (Cosc] +JiSin[c])2 +asinfc]

(Cos[c] +isSin[c]) +3+/a*-b* d®e®fx

b (Cos[2c+dx] +iSin[2c+dx])

Log[1 - | (-iCos[c] +Sin[c]) +

~iacCos[c] +J<—a2+b2> (Cos[c] +JiSin[c1>2 +asin[c]

3md3ef2X2Log[1— b(COS[2C+dX}+JiSin[2C+dX]> ]
-i1aCos[c] +\/(7a2+b2) (Cosc] +jSin[c})2

(-1 Cos[c] +Sin[c]) ++/a*-b* d® £33

b (Cos[2c+dx] +iSin[2c+dx])

+aSin[c]

Log[1- | (-iCos[c] +Sin[c]) +

-1acCos[c] +\/<—a2+b2) (Cos[c] +JiSin[c}>2 +asSin[c]

b (C 2 d i Sin[2 d
6-/a? - b? def?Polylog[3, (Cos[2c+dx] +iSin[2c+dx]) ]
-iacCos[c] +\/(—a2+b2) (Cos[c] +iSin[c])? +asSin([c]

(-iCos[c] +Sin[c]) +6+/a’-b? df®xPolylog|3,

b (Cos[2c+dx] +iSin[2c+dx])

| (-iCos[c] +Sin[c]) -

-iacCos[c] +\/ (-a2+b?) (Cos[c] +isSin[c])? +aSin[c]

bCos[c+dx] +i (a+bSin[c+dx])

21 d?e?ArcTan| ]\/(—a2+b2) (Cos[2c] +iSin[2c]) |+

1/a27b2
Cos[c+dx] 1Sin[c+dXx]
Csc[c] Csc[c +dx] -
16 a b2 d* 16 ab% d*

(81b®d®e’Cos[c] +241ib*d>e*fxCos[c] +24ib>d>ef>x*Cos[c] +
8ib?d3>f3x3Cos[c] -2abd®e®Cos[dx] +18iabd?e?fCos[dx] +12abdef?Cos[dx] -
36iabf3Cos[dx] -6abd®e?fxCos[dx] +361abd?ef?xCos[dx] +
12abdf>xCos[dx] -6abd®>ef?>x?Cos[dx] +18 1 abd?f3x?>Cos[dx] -
2abd®*f3x3Cos[dx] +2abd3>e®Cos[2c+dx] -181abd*e?fCos[2c+dx] -
12abdef?Cos[2c+dx] +36iabf3Cos[2c+dx] +6abd3e?fxCos[2c+dx] -
36iabd?’ef?xCos[2c+dx] -12abdf3®xCos[2c+dx] +6abd3®ef>x?Cos[2c+dx] -
18iabd?f3x?Cos[2c+dx] +2abd>f>*x®*Cos[2c+dx] -8ib?d3>e3Cos[c+2dx] -
4a’d*e>xCos[c+2dx] -241b%d>e?fxCos[c+2dx]-6a’d*e?fx?Cos[c+2dx] -
241 b%d>ef?x?Cos[c+2dx] -4a’d*ef?x>Cos[c+2dx] -81b>d*f>x3Cos[c+2dx] -
a?d*f3x*Cos[c+2dx] +4a’d*e>xCos[3c+2dx] +6a’d*e?fx?>Cos[3c+2dx] +
4a’d*ef?x3Cos[3c+2dx] +a’d*f3x*Cos[3c+2dx] -2abd*e®Cos[2c+3dx] -
6iabd’e’fCos[2c+3dx]+12abdef?Cos[2c+3dx] +121abf3Cos[2c+3dx] -
6abd®e?fxCos[2c+3dx] -12iabd?’ef?xCos[2c+3dx] +
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12abdf3®xCos[2c+3dx] -6abd®ef>x?Cos[2c+3dx]-61abd?>f>x?Cos[2c+3dx] -
2abd®f3x3Cos[2c+3dx] +2abd*e*Cos[4c+3dx] +6iabd?>e?>fCos[4c+3dx] -
12abdef?Cos[4c+3dx]-121abf3Cos[4c+3dx] +6abd3>e?fxCos[4c+3dx] +
12iabd?’ef?xCos[4c+3dx] -12abdf®xCos[4c+3dx]+6abd*ef?x?*Cos[4c+3dx] +
6i1abd?’f>x?Cos[4c+3dx] +2abd®f*x3Cos[4c+3dx]-8b%d*>e3Sin[c] -
81a’d*e®>xSin[c] -24b2d*>e?fxSin[c] -121 a2d*e?fx?>Sin[c] -
24b%d>ef?x?sin[c] -8ia’d*ef?x>sin[c] -8b2d*> 3 x>Sin[c] -21a%d* 3 x*Sin[c] +
2iabd*e3>Sin[dx] -6abd?e?fSin[dx] -12iabdef?Sin[dx] +12abf3Sin[dx] +
6iabd>e?fxSin[dx] -12abd?ef?xSin[dx] -121iabdf3xSin[dx] +
6iabd>ef?x?Sin[dx] -6abd?f>x?Sin[dx] +21abd®f3x3Sin[dx] -
2iabd®e®Sin[2c+dx] +6abd?e?fSin[2c+dx] +12iabdef?Sin[2c+dx] -
12abf®sin[2c+dx] -61abd*e?fxSin[2c+dx] +12abd?ef?xSin[2c+dx] +
12iabdf?xSin[2c+dx] -61iabd>ef?x?Sin[2c+dx] +6abd?f>x®Sin[2c+dx] -
2iabd®f3x3Sin[2c+dx] +8b%*d*e3>Sin[c+2dx] -41a’d*e>xSin[c+2dx] +
24b2d3e? fxSin[c+2dx] -61a’d*e?fx?>Sin[c+2dx] +24b%>d*>ef2x?Sin[c+2dx] -
4ia’d*ef?x3Sin[c+2dx] +8b2d* 3 x3Sin[c+2dx] -ia?d*fx*Sin[c+2dx] +
4ia’d*e®>xSin[3c+2dx] +61a’d*e>fx>Sin[3c+2dx] +4ia’d*ef>x®*Sin[3c+2dx] +
ia?d*f3x*sin[3c+2dx] -2iabd3e*Sin[2c+3dx] +6abd?e?fSin[2c+3dx] +
12iabdef?Sin[2c+3dx] -12abf*Sin[2c+3dx] -6iabd3e?fxSin[2c+3dx] +
12abd?ef?xSin[2c+3dx] +12iabdf3xSin[2c+3dx] -61abd3ef?x?*Sin[2c+3dx] +
6abd?>f>x?Sin[2c+3dx]-21abd®f*x3Sin[2c+3dx]+21iabd®e®Sin[4c+3dx] -
6abd’e?fSin[4c+3dx]-121iabdef?Sin[4c+3dx] +12abf3Sin[4c+3dx] +
6iabd*e?fxSin[4c+3dx]-12abd?ef?xSin[4c+3dx]-12iabdf>xSin[4c+3dx] +
6iabd’ef?x*Sin[4c+3dx] -6abd’fx*Sin[4c+3dx] +2iabd®fx*Sin[4c+3dx]) -
3ef2Csclc] Sec[c] |d? e!ArcTan(Tan(c]] x2+;(idx (-7+2ArcTan[Tan[c]]) -
1+Tan[c]?

7rLog[1+<e‘2jdx} -2 (dx+Ar‘cTan[Tan[c}]) Log[l—ce“l (dX*A”CTa”[Ta”[Cm} +
mLog[Cos[dx]] +2ArcTan[Tan[c]] Log[Sin[d x + ArcTan[Tan[c]]]] +

i Polylog|2, ! (dxwArcTan(Tanic]]) 1) Tan[c] / (a d3JSec[c]2 (Cos[c]?+sin[c]?) )

Problem 342: Result more than twice size of optimal antiderivative.

J(e+fx)2Cos[c+dx]2Cot[c+dx]2
dx

a+bSin[c+dx]

Optimal (type 4, 840 leaves, 53 steps):
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j(e+fx)2 (e+Fx)3 (a2 - b?) (e+fx>3

- - - +

ad 3af 3ab?f
2b (e+fx)*ArcTanh[e® (9% ]  2pf2cos[c+dx] 2 (a?-b2)f2Cos[c+dx]
a? d : a2 3 ' ab d? )
b(e+fx)2Cos[c+dx] (a% - b?) (e+-Fx)2Cos[c+dx] <e+-Fx)2Cot[c+dx1
a’d ) a’bd ) ad )

(c+dx)

i (a2-b2)¥2 (e fx)2Log[1- L2 5 (a2-b2)32 (e4 fx)2Log1 - Lo
( ) ( : > { a-+/ a2-b? ] ( ) ( : ) [ a+\/ﬂ
+ +
a’b?d a2 b2 d
2f (e+fx) Log[1-e2®(c+d)] 24ibf (e +fx) PolyLog|2, -e! (¢+dx) ]|

a d? a2 d?

+

i(c+dx)

2 (a2 -b2)*?f (e+fx) PolyLog[2, *2°

a-+/ a2-b?

2ibf (e+fx) PolyLog[2, e' (4% ]
32 d2 R aZ b2 dz *

i (cedx)

2 (a2-b2)**f (e+fx) PolyLog|2, ‘b
(a2 62)*2 £ (e + £ x) Polylog|2, ﬁ] i £ PolyLog 2, €2t (40|
a2 b2 g2 ) ad3 :
2bf2 PolyLog[3, — el (cd X>] 2bf? PolyLog[B, el (c+d X)]

a2 d3 a2 d3

(crdx) i (cedx)

21 <a2_b2)3/2 £2 PolyLog[B, ibe! (<9 21 (az_b2>3/2 £2 POlyLOg{B, ibe

a-+/a%-b? a++/ a?-b? }

+ +
a?b?d? a’b?d?
2bf (e+fx)Sinfc+dx] 2 (a?2-b?)f (e+fx)Sin[c+dx]
+
azd? a? b d?

Result (type 4, 2574 leaves):
beZLog[Tan[i(c+dx)H 1

azd a2 d?

2bef|(c+dx) (Log[1-e! 9] - Log[1+e! (90 ]) —cLog[Tan[1 (c+dx)]]+
2

2bf?

i (PolyLog[2, -e' (©*9% ] —Polylog[2, e' (<*4¥ ) ops
(d*>x? ArcTanh [Cos[c+dx] +i Sin[c+dx]] - i dxPolylog[2, ~Cos[c+dx] -iSin[c+dx]] +
i dxPolylLog[2, Cos[c+dXx] +1Sin[c+dx]] +
Polylog([3, -Cos[c+dx] -iSin[c+dx]] -PolylLog[3, Cos[c+dx] +iSin[c+dx]]) +
(2efCscc] (-dxCos[c] +Log[Cos[dx] Sin[c] +Cos[c] Sin[dx]] Sin[c])) /
(ad® (Cos[c]?+Sin[c]?)) +

1

i (aZ _ b2>3/2

2+/aZ-b% df (e+Fx)

b (Cos[2c+dx] +iSin[2c+dx])

a2 b2 d3\/ (-a%+b?) (Cos[2c] +iSin[2c])

PolylLog|[2, -

]

iacCos| +\/ 2+b?) (Cos[c] +iSin[c])? -asSin([c]
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(Cos[c] +isSin[c]) -2+/a*-b* df (e+fx) Polylog|2,

b (Cos[2c+dx] +iSin[2c+dx])

| (Cosic] +1isSin[c]) -

-iacCos| +\/ 24+ b2) (Cos[c] +1iSin[c])? +asSin[c]
i(—zwaz—bz -FZPolyLog[B,—((b (Cos[2c+dx]+iSin[2c+dx}))/
[]laCOS[C] +J(—a2+b2) (Cos[c] +iSin[c})2 —aSin[c]])} (Cos[c] +isin[c]) +

2+/a?-b? f?PolyLog|3, (b (Cos[2c+dx] +JiSin[2c+dx]))/

(ﬂiaCos[cj +\/ (-a*+b?) (Cos[c] +jsin[c])2 +aSin[c})} (Cosfc] +isSin[c]) +

d? [\/azbz fx (2e+fx) (—Log[1+ (b (Cos[2c+dx] +1‘LSin[2c+dx]))/

(iaCos[c} +\/(—a2+b2) (Cos[c] +JiSin[c:])2 —aSin[c])] +

Log[1- (b (Cos[2c+dx] +jSin[2c+dx}>)/ (—J’laCos[c] +

\/(—a2+b2) (Cos[c] +JiSin[c])2 +aSin[c1)})
bCos[c+dx] +i (a+bSin[c+dx])

q/a27b2

Cos[c] +1Sin[c]) +2e?ArcTan
( )

]

\/(—a2+b2) (Cos[2c] +isin[2c]) J] +

Cos[c+dx] 1Sin[c+dx]

Csc[c] Csc[c+dx]

24 a b? d3 24 ab%d3

(121 b*d*e*Cos[c] +
241 b%>d?’efxCos[c] +
12 1 b%d? f2x2 Cos[c] -
3abd?e?Cos[dx] +
18i1abdefCos[dx] +
6abf?Cos[dx] -
6abd?>efxCos[dx] +
181 abdf?xCos[dx] -
3abd?f2x%Cos[dx] +
3abd?e?Cos[2c+dx] -
18iabdefCos[2c+dx] -
6abf?Cos[2c+dx] +6abd*>efxCos[2c+dx] -
18iabdf’xCos[2c+dx] +
3abd?®f?x?Cos[2c+dx] -121ib?>d?e?Cos[c+2dx] -
6a’d3e?xCos[c+2dx] -241b*d*>efxCos[c+2dx] -
6a’dlefx?Cos[c+2dx] -121b%>d?>f2x?Cos[c+2dx] -
2a2d®f2x>Cos[c+2dx] +6a’d>e?xCos[3c+2dx] +
6a’dlefx?Cos[3c+2dx]+2a?d®>f>x>Cos[3c+2dx] -
3abd?e?Cos[2c+3dx]-61abdefCos[2c+3dx] +
6abf?Cos[2c+3dx] -6abd?’efxCos[2c+3dx] -
6iabdf?xCos[2c+3dx]-3abd?f2x*Cos[2c+3dx] +
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3abd?e?Cos[4c+3dx]+61abdefCos[4c+3dx] -
6abf?Cos[4c+3dx] +6abd?’efxCos[4c+3dx] +
6iabdf?xCos[4c+3dx]+3abd?f®x*Cos[4c+3dx] -
12b%d%?e?Sin[c] -12ia®d®e?xSin[c] -24b%d?e fxSin[c] -
121 a?d*efx?Ssin[c] -12b%d? f2 x2Sin[c] -
41ia’d®f>x3Sin[c] +31abd*e?Sin[dx] -6abdefSin[dx] -
6iabf?Sin[dx] +6iabd?’efxSin[dx] -6abdf?>xSin[dx] +
3i1abd®>f?x?Sin[dx] -3iabd?e?Sin[2c+dx] +
6abdefSin[2c+dx] +61iabf?Sin[2c+dx] -
6iabd’efxSin[2c+dx] +6abdf?xSin[2c+dx] -
3iabd?®f2x?Sin[2c+dx] +12b%d?e?Sin[c+2dx] -
6ia’d>e?xSin[c+2dx] +24b*d*’efxSin[c+2dx] -
6ia’d’efx?Sin[c+2dx] +12b%d?>f2x?Sin[c+2dx] -
2ia2d®f2x3sin[c+2dx] +61a’d>e?xSin[3c+2dx] +
6ia’d’efx?Sin[3c+2dx] +21a?d®f2x3sin[3c+2dx] -
31abd?’e?Sin[2c+3dx] +6abdefSin[2c+3dx] +
6iabf?Sin[2c+3dx]-61iabd?efxSin[2c+3dx] +
6abdf>xSin[2c+3dx] -31abd>f?x*Sin[2c+3dx] +
31abd’e?Sin[4c+3dx] -6abdefSin[4c+3dx] -
6iabf?Sin[4c+3dx] +6iabd?’efxSin[4c+3dx] -
6abdf>xSin[4c+3dx] +3iabd*f x*Sin[4c+3dx]) -

f2Csc[c] Sec[c] |d? etArcTan(Tan(c]] x2+;(jdx (-7+2ArcTan[Tan[c]]) -

1+Tan[c]?

nlog[1+e?t9%] -2 (dx+ArcTan[Tan[c]]) Log[1- e2* (dxwArcTan(Tan(c])) ]
sLog[Cos[dx]] +2ArcTan[Tan[c]] Log[Sin[d x + ArcTan[Tan[c]]]] +

i Polylog|2, ! (dxsArcTan(Tanic]]) 1) Tan[c] / (a d3\/Sec[c12 (Cos[c]?+sin[c]?) )

Problem 345: Result more than twice size of optimal antiderivative.

J(e+1"x)3Cos[c+dx]3’Co‘c[c+dx]2 ;
X

a+bSin[c+dx]

Optimal (type 4, 1432 leaves, 85 steps):
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3pf3x 3(a2—b2)-F3x b(eJr-Fx)3 (az—bz) (eJr-I:x)3 jb(e+Fx)4

sa2d®  8albd®  4atd 4a’bd IST I

i(a2-b2)? (e+fx)* 6f (e+fx)*ArcTanh|el (“4¥] 63 Cos[c+dx]
422b3f ) ad? ' ad* i

6 (a?-b?) 3 Cos[c+dx] 3f(e+-Fx)2Cos[c+dx} 3(az—bz)f(eJr-Fx)zCos[Cerx}
ab? d* i ad? . ab?d? i

2 _p2)2 f£x)3L 17M
(e+fx)3Csc [c+dx] (a ) (e+ X> og[ a2 b2
+ +
ad azb3d

i (c+dx)

(a2-b%)* (e+Fx)®Log[1- 2

anfa2 b b<e+fx>3|_og[17(eu<c+dx)]

a2 b3 d ) a2d :
61 f2 (e+fx) Polylog[2, -e! (9] 61 f2 (e+fx) Polylog[2, e’ (<*4 ]
ad? ad?

31 (a?-b2)*f (e+fx)*Polylog|2, ibel ) 3y (a2-b2)2 f (e+fx)2Polylog[2, ‘o2

a-+/a?-b? a++/ a2-b?

a2 b3 d? a2 b3 d?

3ibf (e+fx)?Polylog[2, 2t (<*d¥] 6f>Polylog|3, -et (¢4 |

+

2 a2 d? ad4
6 (a2 - b2)* 2 £x) PolyLog |3, ibe =
6 f> Polylog|[3, et (¢+dX | (a ) (e + fx) PolyLog|3, a,m]
* +
ad* a2 b3d3

6 2 _p2 2f2 f Polvl 3, ib el (cdx)
e ) (e +#x) PolyLog] afa? b2 3bf2 (e+fx) Polylog[3, e?! (4% ]

a?b3d3 2a%d?

+

(c+dx)

6i (a2-b?) 23 pPolylog[4, 2] 61 (a? - b?) ? 3 polylog|[4, ‘2" )

a-+/ a?-b? a++/ a?-b?

+ —

a?b3d* a?b3d*
31ibf3Polylog[4, et (<X ]| 6f2 (e+fx)Sin[c+dx] 6 (a®-b?) f2 (e+fx)Sin[c+dx]
42 d* i ad? ' ab? d? )
(e+fx)>sin[c+dx] (a®-b2) (e+Ffx)>Sin[c+dx] 3bfCos[c+dx] Sin[c+dx]
ad ) ab’d ) 8 a2 d* )
3 (a?-b?) f3Cos[c+dx]Sin[c+dx] 3bf (e+fx)’Cos[c+dx]Sin[c+dx]
8a2bd* ’ 4 a2 d? :
3 (a2-b?) f (e+fx)?Cos[c+dx]Sin[c+dx] 3bf? (e+fx)Sin[c+dx]?
4a2bd? . 422 o i
3 (a?-b?) 2 (e+fx] Sin[c+dx]2+b(e+1:x)3$in[c+dx12+ (a% - b?) (e+Fx)3Sin[c+dx}2
4a%bd? 2a%d 2a’bd

Result (type 4, 4084 leaves):

(-e3-3e2fx-3ef2x?-fx3) Csc[c+dx] 3e’flog[Tan[ (c+dx)]]
+ +

ad a d?
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%Gefz (c+dx) (Log[1-e* (<9 ] - Log[1+e! (<X ]) -
ad

c Log{Tan[l (c+dx)]]+i (PolyLog|2, —e' (““9¥ | —Polylog[2, e' (“*4¥ |} | +
2

bee ' fCsclc] (2d*x* (2de* “x+31i (-1+e’'¢) Log[1-e*! (<90 ]) +

432 d?

. , , , 1

6d (-1+e?*<) xPolylog[2, e** ("X | + 31 (-1+e®'¢) Polylog[3, €' ("9 ) - ——
ad

6 f> (d* x* ArcTanh[Cos[c+dx] +1iSin[c+dx]] -idxPolylLog[2, -Cos[c+dx] -iSin[c+dx]] +

i dxPolylLog[2, Cos[c+dx] +1Sin[c+dx]] +PolylLog[3, -Cos[c+dx] -1iSin[c+dx]] -

Polylog[3, Cos[c+dx] +iSin[c+dx]]) + ;
4a
1

2d*
6 d? x? Polylog[2, e** (“*®¥) ] + 6i d x PolylLog[3, e** (“*“¥)] -3 PolyLog[4, e?! (94X ]) | +

be'cf3Csc[c] [x*+ (—1+e’2ic> x4+ e?ic (—1+<ezjlc) <2d4x4+41'1d3 x3 Log[l—ezj(c*d’()] +

1
2a2b3d* (-1+e?t€)

~4id*ed et x-6i1d*e?e?i fxi-4idtee?tcfiIx3-

(o072

) 2ae]‘1(c+dx)
Jid4re2“-F3x4—2]’1d3e3Ar'cTan[ ]+
b<_1+62j(c+dx))
) 2ae1(c+dx) ) ) )
2id®e® e’ ArcTan| . | -d*e®Log[4a% et (<4%) 4 p? —1+<e“(“dx)) |+
b (71+621(c+dx)>

d3 e3 eZJ’Lc Log[4a2 eZJi(c+dx) +b2 <_1+(e2j1(c+dx))2} _

3 bei(2c+dx) 3 9 2
6d>e? fxLog(1+ | +6d*e?e?icfx
Jiae“—\/(—a2+b2) e?ic

b e]i (2 c+d x) b ej (2 c+d x)

Log[1+ | -6d*ef?x?Log[1+ |+
Jiae“—x/(—a2+b2> e?ic iaejc—\/(—a2+b2> e?ic
) bej(2c+dx)
6d’ee’ 2 x?Log[1+ | -2d® £
jae“—J(—aHbZ) e2ic
i (2c+dx) i (2c+dx)
Log[1 + be 7777 | +2d®e? 3 x3 Log[1+ be’ 77 ] -
jaeic—\/(—aerbz) e?ic jaejc—J<—a2+b2> e?tc
b(ell(2c+dx) i
6d>e? fxLog|1+ | +6d*e?e?ic fx
jae“+\/(—az+b2) e?tc
i (2c+dx) i (2c+dx)
Log[1+ be 777 | -6d*ef?x?Log[1+ be 777 |+
Jiae“+\/(—a2+b2) etc iaej°+\/(—a2+b2> e?tc
) bej(2c+dx)
6d°ee?’ “f2x?Log[1+ | -2d> £ %3

Jlaej°+\/<—az+b2> e?ic
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i (2c+dx) i (2c+dx)
Log[1 + be : | +2d®e® <3 x3 Log[1+ be ” |-
jaeic+\/(fa2+b2) e2tc jae“+J<fa2+b2> e2ic
. i (2c+dx)
61id? (—1+e2“)-F(e+1cx)2PolyLog{2, ibel 70X ] -
ae“+1’1¢<—a2+b2) e?ic

. b(ei(2c+dx)

6id? (-1+e*'¢) f (e+fx)?Polylog|2, - ] -

jae“+\/(—a2+b2) e?tc
d i (2c+dx)
12def?Polylog|3, tbe 7 | +12dee?*
aej°+i\/<—a2+b2> e?tc
jbei(Zde) ]'lb(e]i (2 c+d x)
PolyLog|3, | -12d f*x PolyLog|3, ]+
aejc+i\/<—a2+b2> e?ic ae“+1’1\/(—a2+b2) e?ic
: i (2 c+dXx)
12de?*' < f? x Polylog|3, ibe X ] -
ae“+j\/(fa2+b2) e?ic
bei(2c+dx)
12def?Polylog|3, - ]+
iaeic+\/(—az+b2) e?tc
i (2c+dx)
12dee?’ f2PolyLog|3, - be 7777 | -
jae“+\/(—a2+b2) e?tc

3 bei (2 c+d x)
12d > x Polylog|3, - |+

J'Lae“+\/(—a2+b2) e?tc

Sic 3 be]‘l(25+dx)
12de?*° 3 x PolyLog|3, - ] -

Jiaejc+x/(—a2+b2) e?ic

ib ei (2 c+d x) )
12i £ Polylog|4, | +12ie?icf?

aeﬁc+j\/(—a2+b2> e?ic

Jib(ej (2 c+d x) be]i (2 c+d x)
PolylLog|4, | -121 f* PolyLog[4, - ] +

aejc+jJ<7a2+b2> e?ic jaejc+\/<fa2+b2> e?tc

) b(e]i (2 c+d x)
121 e?*° 3 Polylog|4, - |-
jaeic+\/(fa2+b2) e?ic
(be®Csclc] (-dxCos[c] +Log[Cos[dx] Sin[c] +Cos[c] Sin[dx]] Sin[c])) /
(a*d (Cos[c]?+Sin[c]?)) -
i(-a?2+2b?) e®x (1+Cos[2c] +iSin[2c])

b (-1+Cos[2c] +iSin[2c])
3i (-a?+2b%) e*fx? (1+Cos[2c] +iSin[2c])

2b° (-1+Cos[2c] +iSin[2c])
i(-a2+2b?) ef?x® (1+Cos[2c] +iSin[2c])

b® (-1+Cos[2c] +iSin[2c])
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i(-a?+2b?) £3x* (1+Cos[2c] +iSin[2c])

+

4b% (-1+Cos[2c] +iSin[2c])

iafPx3Cos[c] afix3Sinj[c]
- - +

2b%d 2b%d
aCos|c iaSin[c
(-id*e’-3d2e?fs6idefls6) el zasinl J)+
2 b% d* 2b2d*
31ixCos|c 3xSin[c
(ad’e®’f-2iadef’-2af) (7 = [e] _ [ ])+
2b?d3 2b%d3
31 x?Cos|[c 3x?Sin[c
(adef?-iaf) |- = [c] [ }J (Cos[dx] -isSin[dx]) +
2b2d? 2b2d?
i af3x3Cos[c] afix3Sin[c acCos|c iaSin[c
= el [}+(J‘ld3e373d2e2-F7611de-F2+6-F3)( le]  1asinlel)
2b%d 2b%d 2 b% d* 2b2d*

; 231’1x2 (adef?Cos[c] +iaf’Cos[c] +iadef?Sin[c] -af’Sin[c]) +
2bsd

, 331’1x (ad*e®*fCos[c] +2iadef?Cos[c] -2af’Cos[c] +
2b%d

iad®e’fsin[c] -2adef?Sin[c] -2iaf’Sin[c])| (Cos[dx] +iSin[dx]) +

f3x3Cos[2¢c i F3x3Sin[2c
(— [ ]+]l [ ]+(4d3e3—61’1d2e21:—6de1d+3j1f3)
8bd 8bd
Cos[2c 1 Sin[2 c 31xCos[2c 3xSin[2c
(- [2c]  2>inf ])+(2id2e2f+2def2—if3>[ = [2cl | el ,
32bd* 32bd* 16 b d? 16 b d?
, , 3 [3ix*Cos[2c] 3x*Sin[2c] o
(2idef?+ ) + (Cos[2dx] -iSin[2dx]) +
16 b d? 16 b d?
f3x3Cos[2¢c i f3x3Sin[2 ¢
(- 2e) 1 2 ad e sidelf 6def 3if)
8bd 8bd
Cos[2c 1 Sin[2 c 1
- [2c] 1 [ ])— 3ix(-2id*e*fCos[2c] +2def’Cos[2c] +
32bd* 32bd* 16 b d3

if’Cos[2c] +2d*e*fSin[2c] +2idef?Sin[2c] -f>Sin[2c]) -

23]‘Lx2 (-2idef?Cos[2c] +f’Cos[2c] +2def?Sin[2c] +i f>Sin[2c])
16bd

(Cos[2dx] +iSin[2dx]) + [3be®fCsc[c] Sec[c]

) 1 )
d* etAreraniTanicl) x2 . — (i dx (-7+2ArcTan[Tan[c]]) - nLog[1+e > 9] -

1+Tan[c]?
2 (dx+ArcTan[Tan[c]]) Log[1 - e?! (dxArcTaniTan(c]]) | 4 st Log[Cos [d x] ] +
2ArcTan[Tan[c]] Log[Sin[dx +ArcTan[Tan[c]]]] + i PolylLog|[2, e*! (¢x-ArcTaniTan(c]]) ] )

Tan[c] /(Zazdz\/Sec[c}2 (Cos[c]?+sin[c]?) )
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Problem 346: Result more than twice size of optimal antiderivative.

J(e+-Fx>2Cos[c+dx]3Cot[c+dx]2
dx

a+bSin[c+dx]

Optimal (type 4, 1051 leaves, 60 steps):
befx (a?2-b2)efx bf2x2 (a’-b?)Ff2x

- +

2a%d 2a’bd 4a%d 4a’bd
ib(e+fx)? j(az—bz)z(e+fx)3 4f (e+fx) ArcTanh et (¢+dx) |
3a2F 3a2b f ) ad? )
2f (e+fx) Cos[c+dx] 2 (a?-b?)f (e+fx) Cos[c+dx] (e+fx)2Csc[c+dx}
ad? ) ab?d? . ad :

(c+dx) i(c+dx)

(a2-b%)* (e+Ffx)?Log[1 -+

a-+/a%-b?

(a2-b%)* (e+Ffx)?Log[1- 2

a+/ a?-b?

+ —

a2b3d a2b3d
b (e+ -Fx)z Log[1-e2® (¢+dX)] 2] f2Polylog|2, -e! (c+dx) |
N _
a%d ad?
2i (a2-b2)2f (e+ fx) Polylog|2, ‘e =™
2 i f2 Polylog[2, e! (<+dx) ] i(a ) f (e +fx] Polylog|2, adar o

ad3 . a? b? g2

2i (a?-b2)2f e+ fx) PolyLog[2, toe=
i (a ) <e+ X) oly og[ 2 a+\/ﬁ ibf (e+fx) PolyLog[z, eZJ’l(c+dx)]
+

a2 b3 d?2 a? d?

+

2 (a2 - b2)2 f2 Polylog|[3, <1 3 (a2_b2)2 f2polylog|3, e =™
( ) yLog| aim] ( ) yLog| a+m]
+ —

a2 b3 d?3 a’b3d?

bf2Polylog[3, e (<¥¥ | 2f2sin[c+dx] 2 (a?-b?)f2Sin[c+dx]

222 @3 ' ad? i ab?d? .
(e+fx)*sin[c+dx] (a?-b2) (e+fx)?Sin[c+dx] bf (e+fx) Cos[c+dx]Sin[c+dx]

ad . ab?d : 2a%d? :
(a2-b?) f (e+fx) Cos[c+dx] Sin[c+dx] bf2Sin[c+dx]?

2a2b ) 42’ d? )

(a2 -b?) f2Sin[c+dx]? b<e+fx)ZSin[c+dx}2 (a2 - b?) (eJr-Fx)ZSin[Cerx}2

4a’bd? ' 2a%d ' 2a’bd

Result (type 4, 5228 leaves):
2efLog[Tan[§(c+dx>H 1

+
ad? ad?

22 | (c+dx) (Log[1-e! (9] —Log[1+e' (<90 ]) —cLog[Tan[1 (c+dx)]]+
2

1
12 a2 d3

i (PolyLog[2, e (“"“¥ ] —PolyLog[2, e! <X ]) | +
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becfCsclc] (2d?’x? (2de? “x+3i (-1+e?'€) Log[1-e?! (40 ])
6d (-1+e”'€) x PolyLog[2, e?* (¢*4X)] 13§ (-1+e?tc) Polylog|3, e** (C*d’”]) +

1
6a2b>d® (-1+e?*€)

(a2-b?)? |-12id*e?e? i x-12idP e fx2-4id?e?icf2x -

 (cedx) i (c+dx)
6 i d* e* ArcTan| ZaEIC' ’ | +61id?e? e’ ArcTan| zaEIC' ’ -
b<71+e21(c+dx)) b<71+e21(c+dx))
3 d? 2 Log[4a2<e”<c*dx) + b2 (_1+ezj(c+dx))2} +3d2e22ic
) ) bej(2c+dx)
Log[4a? et (<19 1 b2 (~14+e2i(d¥)2] _12d?efxLog|l+ |+
Jiae“—x/<—a2+b2> e?ic
i (2c+dx)
12d’ee? “ fxLog[l+ be’ ” ] -
jae“—J(—aHbZ) e2ic
bej(2c+dx) )
6 d? 2 x? Log[1 + | +6d?e?ic 2%
jaeic—\/(—aerbz) e?tc
b e]’t (2 c+d x) b e]’l (2 c+d x)
Log[1+ ] -12d*efxLog[l+ ]+
jaejc—\/(—a2+b2) e?ic jaej°+\/(—a2+b2> e?ic
) bej(2c+dx)
12d’ee?*“fxlog[l+ | -6d* £ x?
Jlaej°+\/<—a2+b2> e?tc
i (2c+dx) i (2c+dx)
Log |1 + be 777 | +6d2 e cf2x2 Log[1+ be 777 ] -
Jiae“+x/(—a2+b2> e?ic J'Lae“+\/<—az+b2> e?ic
. i (2c+dx)
12id (-1+e®'¢) f (e+fx) Polylog|2, ibe 7777 |-

ae“+jJ(fa2+b2) e?ic
) bei(2c+dx)
12id (-1+e’*¢) f (e+fx) PolylLog|2, - ] -
jaeich\/ (—a2+b2) e?tc

i b i (2c+dXx) )
12 £2 Polylog 3, = | +12e2ic 2

aeic+j\/(—a2+b2) e?tc

jbei (2 c+d x) bei(2c+dx)
Polylog|3, | -12 2 PolyLog|3, - |+

ae“+1’1\/<—a2+b2> e?tc Jiae“+\/(—a2+b2) etc

‘ bei (2 c+d x)
12 e?* < f2polylog|3, - ]| -
J'Lae“+\/(—a2+b2) e?tc
(be*Csclc] (-dxCos[c] +Log[Cos[dx] Sin[c] +Cos[c] Sin[dx]] Sin[c])) /
(a*d (Cos[c]?+Sin[c]?)) +

Cos[2c+2dx] 1Sin[2c+2dX]
Csc[c] Csc[c+dXx] -
192 ab3d3 192 ab3d?

(-12ab*d®*e®Cos[dx] +12iab’defCos[dx] +6ab>f?Cos[dx] +48ia’d’e?xCos[dx] -
961 ab’d3e?xCos[dx] -24ab’>d?’efxCos[dx] +121iab’>df>xCos[dx] +
481 ald>efx?Cos[dx] -96iab?d®efx?Cos[dx] -12ab?d?f2x?>Cos[dx] +
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161 a*d>f?x3Cos[dx] -321ab?d>f>x>Cos[dx] +12ab?d?e?Cos[2c+dX] -
12i1ab’?defCos[2c+dx] -6ab®>f2Cos[2c+dx] +481a*>d*>e?xCos[2c+dx] -
961ab’d®e?xCos[2c+dx] +24ab’*d?efxCos[2c+dx] -121ab’>df?®xCos[2c+dx] +
48iald’efx?Cos[2c+dx]-961ab’d®efx?Cos[2c+dx] +12ab?d?®f2x?Cos[2c+dx] +
16ia3d>f2x3Cos[2c+dx] -321ab?d®>f>x®*Cos[2c+dx] -481a’bd?e?Cos[c+2dx] -

96 i b3d?>e?Cos[c+2dx] +961a’bf>Cos[c+2dx] -961a’bd>efxCos[c+2dx] -
192ib3d’efxCos[c+2dx] -481a’bd?>f2x>Cos[c+2dx] -961b3d?>f2x?>Cos[c+2dx] +
481 a’bd?>e?Cos[3c+2dx] +961b>d?e?Cos[3c+2dx] -961a’bf2Cos[3c+2dx] +
961a’bd?’efxCos[3c+2dx]+192ib3d*’efxCos[3c+2dx] +

481 a’bd?>f2x?Cos[3c+2dx] +961b3d?f2x?Cos[3c+2dx] +6ab?d*e?Cos[2c+3dx] +
6iab’defCos[2c+3dx] -3ab?f?Cos[2c+3dx]-481a>d>e?xCos[2c+3dx] +
961ab’d>e?xCos[2c+3dx] +12ab?d?’efxCos[2c+3dx] +61ab’df’xCos[2c+3dx] -
481 a*d>efx?Cos[2c+3dx] +961ab*d*efx?Cos[2c+3dx] +
6ab®d>f2x?Cos[2c+3dx]-161a*d>f?x3Cos[2c+3dx] +321ab?>d®>*f2x3Cos[2c+3dx] -
6ab’d’e?Cos[4c+3dx] -6iab’defCos[4c+3dx] +3ab?>f®Cos[4c+3dx] -

481 a*d3e?xCos[4c+3dx] +961ab’d>e?xCos[4c+3dx] -12ab?d*>efxCos[4c+3dx] -
6iab’df?xCos[4c+3dx] -481ad’efx?Cos[4c+3dx] +961ab®d*efx?Cos[4c+3dx] -
6ab’d?f>x?Cos[4c+3dx]-16ia’d>f2x3Cos[4c+3dx] +321ab?d>f2x3Cos[4c+3dx] +
24ia’bd?e?Cos[3c+4dx] -48a’bdefCos[3c+4dx] -48ia’bf2Cos[3c+4dx] +

481 a’bd’efxCos[3c+4dx] -48a’bdf’xCos[3c+4dx] +241a’bd>f>x?Cos[3c+4dx] -
241 a’bd?e?Cos[5c+4dx] +48a’bdefCos[5c+4dx] +48ia’bf?Cos[5¢c+4dx] -

481 a’bd’efxCos[5¢c+4dx] +48a’bdf>xCos[5c+4dx]-241a’bd*>f>x?>Cos[5c+4dx] -
6ab®d’e?Cos[4c+5dx] -61ab’defCos[4c+5dx] +3ab?2f?Cos[4c+5dx] -
12ab’?d’efxCos[4c+5dx] -61ab?>df?xCos[4c+5dx] -6ab’>d?>f>x?Cos[4c+5dx] +
6ab’d’e?Cos[6c+5dx] +6iab’defCos[6c+5dx] -3ab?2f?Cos[6c+5dx] +
12ab%?d’efxCos[6c+5dx] +61iab?df?xCos[6c+5dx] +6ab’>d?>f2>x?Cos[6¢c+5dx] +
48 a’bd?e?Sin[c] -961a’bdefSin[c] -96a%2bf?Sin[c] +96a’bd?efxSin[c] -
96ia’bdf?xSin[c] +48a%bd?f*x?Sin[c] -48a%>d®>e?xSin[dx] +96ab?d®e?xSin[dx] -
48 a3 d3efx?>Sin[dx] +96ab’d>efx?Sin[dx] -16a>d> f2x3Sin[dx] +
32ab?d3f2x3Sin[dx] -48a>d*>e?xSin[2c+dx] +96ab?d>e?xSin[2c+dx] -

48 a3 d3efx?>Sin[2c+dx] +96ab?d3efx?Sin[2c+dx] -16a>d> f2 x®*Sin[2c+dx] +
32ab?d3f2x3Sin[2c+dx] +48a’bd?e?Sin[c+2dx] +96b3d?e?Sin[c+2dx] -

96 a’bf2Sin[c+2dx] +96a’bd’efxSin[c+2dx] +192b3d?2efxSin[c+2dx] +

48 a’bd?> f2x2Sin[c+2dx] +96b3d? f2x?>Sin[c+2dx] -48a?’bd?e?Sin[3c+2dXx] -

96 b>d?e?Sin[3c+2dx] +96a’bf2Sin[3c+2dx] -96a’bd?efxSin[3c+2dx] -
192b3d?efxSin[3c+2dx] -48a’bd?f2x?*Sin[3c+2dx] -96b3d?>f2x?Sin[3c+2dx] +
6iab?d?e?Sin[2c+3dx] -6ab’defSin[2c+3dx]-31ab?f2Sin[2c+3dx] +

48 a>d*>e? xSin[2c+3dx] -96ab’>d>e?xSin[2c+3dx] +121ab’*d?efxSin[2c+3dx] -
6ab’df?xSin[2c+3dx] +48a3d*efx?Sin[2c+3dx] -96ab’>d?>efx?>Sin[2c+3dx] +
61ab?d?f2x?sin[2c+3dx] +16a>d>f2x>*Sin[2c+3dx] -32ab%d*f2x>Sin[2c+3dx] -
6iab’d?’e?Sin[4c+3dx] +6ab’defSin[4c+3dx] +31ab?f>Sin[4c+3dx] +

48 a3 d3e?xSin[4c+3dx] -96ab?d>e?xSin[4c+3dx] -121ab?d?>efxSin[4c+3dx] +
6ab’df?xSin[4c+3dx] +48a*d>efx®Sin[4c+3dx] -96ab?d>efx?Sin[4c+3dx] -
6iab’d?f>x?Sin[4c+3dx] +16a>d>f2x>Sin[4c+3dx] -32ab’>d*>f2x>Sin[4c+3dx] -
24a’°bd?e?Sin[3c+4dx] -481ia’bdefSin[3c+4dx] +48a’bf?Sin[3c+4dx] -
48a’bd?’efxSin[3c+4dx] -48ia’bdf>xSin[3c+4dx] -24a’bd?>f>x?>Sin[3c+4dx] +
24a’°bd?e?Sin[5c+4dx] +481a’bdefSin[5c+4dx] -48a’bf?Sin[S5c+4dx] +

48 a’bd?’efxSin[5c+4dx] +481ia’bdf>xSin[5c+4dx] +24a’bd?>f>x?>Sin[5c+4dx] -
6iab?d?e?Sin[4c+5dx] +6ab’defSin[4c+5dx] +31ab?>f2Sin[4c+5dx] -
121ab?d?’efxSin[4c+5dx] +6ab?df?xSin[4c+5dx] -61ab’>d>f>x?>Sin[4c+5dx] +
6iab?d?e?Sin[6c+5dx] -6ab’defSin[6c+5dx] -31ab?f?Sin[6c+5dx] +
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1Zjab2d2efxéin[6c+5-dx} —6ab2d-F2X_Sin[6c+.;>dx] +6J'1ab2d2>-FZXZSin[_6c+SdX}) +
. 1
befCsc[c] Sec[c] |d* et ArcTaniTanicl] 2, ——————(idx (-7+2ArcTan[Tan[c]]) -
1+Tan[c]?
nlog[1l+e2tdx] -2 (dx+ArcTan[Tan[c]]) Log[1 - e2! (dxwArcTan(Tan(c]) |
mLog[Cos[dx]] +2ArcTan[Tan[c]] Log[Sin[dx + ArcTan[Tan[c]]]] +

i Polylog|2, ! (dxsArcTan(Tanic]]) 1) Tan[c] / (az dz\/Sec[c]2 (Cos[c]?+Sin[c]?) )

Problem 347: Result more than twice size of optimal antiderivative.

J<e+fx> Cos[c+dx]3Cot[c+dx]2dl
X

a+bSin[c+dx]

Optimal (type 4, 641 leaves, 45 steps):
b f x (az—bz)fx Jib(e+-Fx)2 i(az—b2)2<e+fx)2
_ N _ _

4a%d 4a’bd 2af 2a2b3f
fArcTanh[Cos[c+dx]] fCos[c+dx] (a’-b?)fCos[c+dx] (e+fx)Csclc+dx]

N - +

ad? ad? ab2d?2 ad
a? - b2)2 (e+fx) Log[1 - ibe =™ a2 -b2)? (e+fx) Log 1 ibelledd
(3 07)" eFx) Log[a - ] ()" (e ) Log[a- e
+
a’b*d a?b3d

i (a?-b?)? fPolyLog[2, b=

b (e+fx) Log[1-e2t(cd ] o222

a%d a% b3 d?

i(c+dx)

i (a2 -b2)%fPolylLog|2, toe """
1 (a ) oly Og[ ) N jlbfPolyLog[Z, e2i (c+dx>]
v N _

a2 b3 d? 2a%d?
(e+fx)Sinfc+dx] (a’?-b?) (e+fx)Sin[c+dx] bfCos[c+dx]Sin[c+dx]
ad } ab2d ! 4 a2 g2 -
(a2-b?) fCos[c+dx] Sin[c+dx] b (e+fx)Sin[c+dx]? (a?-b?) (e+fx)Sin[c+dx]?
4a’bd? : 2a%d ' 2a’bd

Result (type 4, 1644 leaves):

afCos[c+dx] (de-cf+f(c+dx))Cos[2 (c+dx)] 1
- - +
b2 d? 4 b d? 2ad?
1 1 1 1
-deCos|— <c+dx)] +c-FCos[; (c+dx>] -f (c+dx) Cos[; (c+dx)} Csc[; (c+dx)] -
2

aze Log[1+ bSinac+dx }
+ _

a’d a2 d2 b3 d
2elog[1+ BSINCAXL]  poog[1 bSILCAXL] g2 ¢ f | og[q s DSINLCAXL ]
a a a

belog[Sin[c+dx]] bcflLog[Sin[c+dXx]]
+

+ - +

bd a2d b3 d2
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2c-FLog[1+m:deL}7bc-FLog[1+m:deL]+fLog[Tan[i(c+dx)H7i
b d2 a? d? ad? d?

a+b

dx) L b Si d °
- (c+ x) ogla+bSin[c+dx]] 1 _lj[—c+z—dx2+4jAr‘cSin[ ]
b b| 2 2 2

a+b

afb)Tan[l(7c+17dx)] . b
ArcTan | 2 | +|-c+=-dx+2ArcSin| ]

a?-p2 2 V2

Q
T
o

(a_ 22 _ b2 ) ei (—c+%—dx) . b
| +|-c+=-dx-2ArcSin|

b 2 V2

]

arva?-p2 ) ot [Feridx]

b

Log[lJr }—(—c+£—dx Log[a+bSin[c+dx]] -
2

(a -+a?-b? ) et [-evf-dx]

b

i PolyLog[Z, - } +PolyLog[2, -

(o

a+al b2 ) et ey
esrepyiei |

(c+dx) Logla+bsSin[c+dx]] 1

b? d? b b

| asb
b
] Ar‘cTan[

\/7 aZbe

2
+4i ArcSin|

1 7T
-—1 (—c+f—dx
2 2

JT
-c+ —-dx+2ArcSin|

2 NEY b
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Jt
-c+ —-dx-2ArcSin|

2 NEY b

(—c+£—dx Log[a+bSin[c+dx]] -
2
o Va7 BT o (oo o var b7 ) ot (o307
i PolyLog[Z, - } +PolyLog[2, -
b b
1 2 (c+dx) Logla+bsSin[c+dx]] 1
a2 d? b b

a+b

b a-b)Tan[i [-c+Z_-dx
—lj(—c+ﬁ—dx2+4jArcSin[ ]Ar‘cTan[< ) [2( 2 )}]+
2 2 \/7 a2 _ p2

Q
o

. ; (a B a27b2 ) e]'l (7c+%7dx)
-c+ —-dx+2ArcSin| || Log|[1+

2 NeY b

Q
o

" b (a +/a? - b? ) et (e
—c+*—dx—2Ar'cSin[ } Log[1+

2 NEY b

(7c+zfdx Logla+bSin[c+dx]] -
2

(a - /a2 -b? ) ejl (—c+%—dx) } { (a ++/a2-b? ) @j (7c+;‘——dx)
+Polylog|2, -

i [PolyLog[2, -
b b

1

a2 d?
1

2ad?

bf|(c+dx) Log[1l-e?t (cdx] Ly ((c+dx)?+PolyLog|2, e““*d”})] .
2
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Sec[% (c+dx)]

—deSin[l (c+dx” +c-FSin{1 (c+dx)] -f (c+dx) Sin[1 (c+dx)]]| -
2 2 2
a(de-cf+f(c+dx))Sin[c+dx]
b2 d2
fsin|2 (c+dx”
8 b d?

+
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Summary of Integration Test Results

348 integration problems

A - 269 optimal antiderivatives

B - 74 more than twice size of optimal antiderivatives
C - 3 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - 2integration timeouts



